Intro to Fourier Integral
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Examples:
» What is Fourier integral?
» Fourier integral formula
» An informal derivation of Fourier integral formula

» Examples



What is Fourier series?
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f(x): 2a-periodic function

= Fouriler series:

ZOO nw nw
f(x) ~ap+ 2. ay, COS ( . :U) + b, sin T
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What is Fourier series?

T T T T T 1
-3n -2n - 0 T 2z T
X

f(x): 2a-periodic function

= Fouriler series:

ZOO nm nw
f(x) ~ag+ 2. .y, COS ( . :U) + b, sin s

f(x) is given by a “linear combin.” of cos(Ax) & sin(Az)
with a discrete sequence of frequencies:
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What is Fourier integral?
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f(x): decaying (non-periodic ) function

= f(x) is given by “linear combin.” of cos(Az) & sin(Az)
with a continuous interval of frequencies:

all real numbers A > 0.

Fourier integral:

() ~ /0 h [A( cos(Aa) + BV sin(Az) b



Fourier integral formula

It [~ |f(z)|dz < oo, then

£(x) ~ /O b {A(A) cos(\z) + B()\) sin()\az)}d)\,

-1 /_ T @) cosOa)de,  BOV) = _ /_ 7 f(2) sin(\x)da

where



Fourier integral formula

It [~ |f(z)|dz < oo, then

£(x) ~ /O b {A(A) cos(\z) + B()\) sin()\a:)}d)\,

— %/_OO f(x) cos(A\z)dz, B(\) = %/_OO f(x)sin(Ax)dx

where

Convergence Theorem

If [ |f(z)|dz < oo and f(z) is sectionally smooth, then

/OOO { A cos(Ar) + B() sin(Az) fd = f(z+) —; fla=)




Example 1. g S
1 i
fz) = X for -1 <z <2 - N
10 everywhere else 5432 /123 45
/!
fl@) ~ [5° {A(A) cos(Ax) + B(\) sin()\x)}d)\,
where
AX) = X [2° f(z) cos(Az)dw B(A\) = 1 [ f(z)sin(Az)dx
= % le x cos(Az)dzx = % le x sin(Ax)dx
ﬁ [—cos A — Asin A + cos(2X) 4+ 2Asin(2M)], = ﬁ [sin A — A cos A + sin(2X) — 2X cos(2)N)].

The truncated Fourier integral Sy (x) = fON {A()\) cos(Azx) + B(N) sin()\a:)}d)\,

flzH)+f(z—)
2

converges to ,as N — oo.
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The Gibbs phenomenon occurs near the jumps £ = —1 and = = 2.



Example 2. 1&
0.5
e * for x > 0
fa) = { - .

0 for x <0 4 -2 0 2
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flz) ~ [ {A(A) cos(\z) + B()\) sin()\x)}dA,
where

AN = foo f(x) cos(Ax)dx B\ =41 foo f(x) sin(Az)dz
= fo T cos(Ax)dx =1 fo Tsin(Ax)dz

- w(1+x2)’ - 7r(1—|—>\2)

The truncated Fourier integral Sy (x) = fON {A()\) cos(Ax) + B(N) sin(Aaz)}d)\,

flz+)+f(z—)
2

converges to , as N — oo.

Sg(x) Sls(x)

The Gibbs phenomenon occurs near the jump discontinuous point x = 0.



Example 3. np /)

() = { sin(7x) for0 <x <1

10 everywhere else T 5 0 5

flz) ~ [2° {A()\) cos(\z) + B()\) sin()\a:)}d)\,
where

AN) = 2 [ f(w) cos(Ax)da B(A) =1 [ f(z)sin(Az)dw

— 1l sin(wx) cos(Ax)dx — 1l sin(7x) sin(\x)dx
T JO T JO

__ 14cos )\ __ _sin A

T ogp2_)\2> T og2_)\2-

The truncated Fourier integral Sy (x) = fON {A()\) cos(Azx) + B(N) sin()\a:)}d)\,

converges to f(x), as N — oo.
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The convergence is uniform, since f(x) is continuous and sectionally smooth.



