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Example 1: Solve X’ = [411 ﬂ X + [ L2t e tant]

I 1

A 1] (details skipped here)

» Eigenvalues & eigenvectors of [

= Complementary solutions: X.(t) = Cre™! [ 9 ] + Coe” [2]
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Example 1: Solve X’ = [411 ﬂ X + [ L2t e tant]

I 1

A 1] (details skipped here)

» Eigenvalues & eigenvectors of [

= Complementary solutions: X.(t) = Cre™! [ 9 ] + Coe” [2]

= A fundamental matrix: M ()
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Example 1: Solve X’ = [411 ﬂ X + [ L2t e tant]

I 1

A 1] (details skipped here)

» Eigenvalues & eigenvectors of [

S —1 1

= Complementary solutions: X.(t) = C1e™! [ 9 ] + Coe” [2]
| ot Gt
= A fundamental matrix: M (t) = [2€_t 93t



Example 1: Solve X’ = [1 1] X + [

—1+21t+ et tant
4 1

2 + 30t + 2e3t tant

I 1

A 1] (details skipped here)

» Eigenvalues & eigenvectors of [
: S |1 s |1
= Complementary solutions: X.(t) = Cie 5 | T Cae 5

_e—t  p3t ]

= A fundamental matrix: M (t) = [2€_t 93t

> Set X(t) = M(t)d(t)
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Example 1: Solve X’ = [411 ﬂ X + [ L2t e tant]

I 1

A 1] (details skipped here)

» Eigenvalues & eigenvectors of [

= Complementary solutions: X.(t) = C1e™! [ 9 ] + Coe” [2]

| _e—t 3t
= A fundamental matrix: M (t) = [2€_t 26375]
> Set X(t) = M(t)u(t)

—

» The original system is simplified to 4’(t) = M (t)~ 1 £(¢t):

i) = et €3] [—1 4+ 21t + e tant
v — | 2e7t 23 9+ 30t + 2e3 tant
1 2e3t —e3t] [—1 4 21t + e tant
_4e2t | —2e7t  —e7t| |24+ 30t + 2e3t tant
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Example 1 (continued): X' = [4 1] X [2+30t+ 263t tan t

S 1 — 3t)e
» Integrate u'(t) = [1875(6_3t +)tan t]:

[(1 = 3t)etdt = (1 — 3t)et — [(—3)etdt = (1 — 3t)e’ + 3et + C,
[ 18te™3tdt = —6te 3t — [(—6)e 3tdt = —6te 3t — 2e7 3 4 C,
[tant dt = —In|cost| + C.

Lo (4 — 3t)et + Cy
= u(t) = [(—2 —6t)e %! —In|cost| + Co|
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Example 1 (continued): X' = [1 1] 2 [ 1 421t + e tant

4 1177|2430t + 23 tant

—, 1 — 3t)e
» Integrate u'(t) = [18t(€_3t +)tan t]:

[(1 = 3t)etdt = (1 — 3t)et — [(—3)etdt = (1 — 3t)e’ + 3et + C,
[ 18te™3tdt = —6te 3t — [(—6)e 3tdt = —6te 3t — 2e7 3 4 C,
[tant dt = —In|cost| + C.

Lo (4 — 3t)e! + C4
= u(t) = [(—2 —6t)e %! —In|cost| + Co|

» Finally, the solutions X(t) are obtained from X(t) = M (¢)u(t):

(1) — —e~t et (4 — 3t)e! + C4
| 2e7t 2e3t| |[(—=2—6t)e 3t —In|cost| + Co

[ —6 — 3t —e3tln|cost|
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Example 2: Solve 2y —y' —y =

» Eigenvalues: 2A* — A —1=2A+ 1) (A =1)= A1 = —-1/2, X2 =1
= Complementary solutions: y.(t) = C; e~ 2t + Chet with
y1(t) = e~ 2%, ya(t) = €.
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Example 2: Solve 2y —y' —y =

» Eigenvalues: 2A* — A —1=2A+ 1) (A =1)= A1 = —-1/2, X2 =1
— Complementary solutions: y.(t) = Cre~ 2% + Cye! with
yi(t) = e 2! ya(t) = €.

» A fundamental matrix (the Wronskian of y1,ys):

w=[4 =[5 )

Y1 yé



3
ezt

1+et

Example 2: Solve 2y —y' —y =

» Eigenvalues: 202 — A —1=2A+ 1) (A =1)= A1 =—-1/2, X2 =1
— Complementary solutions: y.(t) = Cre~ 2% + Cye! with
yi(t) = e72 yo(t) = €.

» A fundamental matrix (the Wronskian of y1,ys):

-l 3-55 4

Y1 ?Jé

> Set [5’71] = H = M(¢)ii(t). The Diff Eq for d(¢) is:

dt M)~ [ f(t?/@]
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Example 2: Solve 2y —y' —y =

» Eigenvalues: 2A* — A —1=2A+ 1) (A =1)= A1 = —-1/2, X2 =1
— Complementary solutions: y.(t) = Cre~ 2% + Cye! with
yi(t) = e 2! ya(t) = €.

» A fundamental matrix (the Wronskian of y1,ys):

w=[4 =[5 )

Y1 yé

o Yy
—1

du —1¢ t 0
ar M)~ [f(tg)/a ] — [ 61 2—%1& et] e
2 —§€ (& 3(1+et)
" . O B - e2t ]

_ 1 [ € —€ ] |: 5 :| o 1+4et
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Example 2 (continued): 2y’ —y —y =

» Integrate:

ui(t) = [ —15=d substitute p = e, dp = eldt
= [ - fj_z;:f 1—|—m)dp——p—|—ln\1—|—p\—|—01
= —e'+In|l+ef|+ C
= —el + ln(l +e*) + Oy,

us(t) = [ ord substitute ¢ = et/2, dqg = %et/th

— f 1%:“12 = 2arctanq + Cy
= 2arctan(e'/?) + Cs.



Example 2 (continued): 2y" —y —y =

» Integrate:

ui(t) = [ —15=d substitute p = e, dp = eldt
= [ - fj_z;:f 1—|—m)dp——p—|—ln\1—|—p\—|—01
= —e¢' +In|l + €'+ C
= —el + ln(l +e*) + Oy,

us(t) = [ ord substitute ¢ = et/2, dqg = %et/th

— f 12fq2 = 2arctanq + Cy
= 2arctan(e'/?) + Cs.

» Finally, the solutions y(¢) of the nonhomog diff eq are obtained:
y(t) = yiur + yauo
— e 3t [—e! 4+ In(1 + et) + Cy] + ¢ 2 arctan(e’/?) + Cs]
— —e3t 4 e 2t In(1 + €!) + 2¢t arctan(ezt) + Cre 3t 4 Cael.
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