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−t

[
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[

1
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⇒ A fundamental matrix: M(t) =

[

−e−t e3t

2e−t 2e3t

]

◮ Set ~x(t) = M(t)~u(t)

◮ The original system is simplified to ~u ′(t) = M(t)−1~f(t):

~u ′(t) =

[

−e−t e3t

2e−t 2e3t

]

−1 [

−1 + 21t + e3t tan t

2 + 30t + 2e3t tan t

]

=
1

−4e2t

[

2e3t −e3t

−2e−t −e−t

] [

−1 + 21t + e3t tan t

2 + 30t + 2e3t tan t

]

=

[

(1 − 3t)et

18te−3t + tan t

]

.
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⇒ ~u(t) =

[

(4 − 3t)et + C1

(−2 − 6t)e−3t − ln | cos t| + C2

]

.

◮ Finally, the solutions ~x(t) are obtained from ~x(t) = M(t)~u(t):

~x(t) =

[

−e−t e3t

2e−t 2e3t

] [

(4 − 3t)et + C1

(−2 − 6t)e−3t − ln | cos t| + C2

]

=





−6 − 3t − e3t ln | cos t|

4 − 18t − 2e3t ln | cos t|



 + C1e
−t

[

−1
2

]

+ C2e
3t

[

1
2

]

.













Example 2: Solve 2y′′ − y′ − y =
3e

3

2
t

1 + et
.



Example 2: Solve 2y′′ − y′ − y =
3e

3

2
t

1 + et
.

◮ Eigenvalues: 2λ2 − λ − 1 = (2λ + 1)(λ − 1) ⇒ λ1 = −1/2, λ2 = 1

⇒ Complementary solutions: yc(t) = C1e
−

1

2
t + C2e

t with

y1(t) = e−
1

2
t, y2(t) = et.



Example 2: Solve 2y′′ − y′ − y =
3e

3

2
t

1 + et
.

◮ Eigenvalues: 2λ2 − λ − 1 = (2λ + 1)(λ − 1) ⇒ λ1 = −1/2, λ2 = 1

⇒ Complementary solutions: yc(t) = C1e
−

1

2
t + C2e

t with

y1(t) = e−
1

2
t, y2(t) = et.

◮ A fundamental matrix (the Wronskian of y1, y2):

M(t) =

[

y1 y2

y′

1 y′

2

]

=

[

e−
1

2
t et

− 1
2e−

1

2
t et

]

.



Example 2: Solve 2y′′ − y′ − y =
3e

3

2
t

1 + et
.

◮ Eigenvalues: 2λ2 − λ − 1 = (2λ + 1)(λ − 1) ⇒ λ1 = −1/2, λ2 = 1

⇒ Complementary solutions: yc(t) = C1e
−

1

2
t + C2e

t with

y1(t) = e−
1

2
t, y2(t) = et.

◮ A fundamental matrix (the Wronskian of y1, y2):

M(t) =

[

y1 y2

y′

1 y′

2

]

=

[

e−
1

2
t et

− 1
2e−

1

2
t et

]

.

◮ Set

[

x1

x2

]

=

[

y

y′

]

= M(t)~u(t). The Diff Eq for ~u(t) is:

d~u

dt
= M(t)−1

[

0
f(t)/a2

]



Example 2: Solve 2y′′ − y′ − y =
3e

3

2
t

1 + et
.

◮ Eigenvalues: 2λ2 − λ − 1 = (2λ + 1)(λ − 1) ⇒ λ1 = −1/2, λ2 = 1

⇒ Complementary solutions: yc(t) = C1e
−

1

2
t + C2e

t with

y1(t) = e−
1

2
t, y2(t) = et.

◮ A fundamental matrix (the Wronskian of y1, y2):

M(t) =

[

y1 y2

y′

1 y′

2

]

=

[

e−
1

2
t et

− 1
2e−

1

2
t et

]

.

◮ Set

[

x1

x2

]

=

[

y

y′

]

= M(t)~u(t). The Diff Eq for ~u(t) is:

d~u

dt
= M(t)−1

[

0
f(t)/a2
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=

[

e−
1

2
t et

− 1
2e−

1

2
t et

]−1
[

0
3e

3

2
t

2(1+et)

]

= 1
3

2
e

1

2
t

[

et −et

1
2e−

1

2
t e−

1

2
t

]

[

0
3e

3

2
t
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]

=





− e
2t

1+et

e
1

2
t
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Example 2 (continued): 2y′′ − y′ − y =
3e

3

2
t

1 + et

◮ Integrate:

u1(t) =
∫

− e
2t

1+et dt substitute p = et, dp = etdt

=
∫

− pdp

1+p
=

∫

(−1 + 1
1+p

)dp = −p + ln |1 + p| + C1

= −et + ln |1 + et| + C1

= −et + ln(1 + et) + C1,

u2(t) =
∫

e
1

2
t

1+et dt substitute q = et/2, dq = 1
2et/2dt

=
∫

2dq

1+q2 = 2 arctan q + C2

= 2 arctan(et/2) + C2.
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∫

2dq

1+q2 = 2 arctan q + C2

= 2 arctan(et/2) + C2.

◮ Finally, the solutions y(t) of the nonhomog diff eq are obtained:

y(t) = y1u1 + y2u2

= e−
1

2
t [−et + ln(1 + et) + C1] + et

[

2 arctan(et/2) + C2

]

= −e
1

2
t + e−

1

2
t ln(1 + et) + 2et arctan(e

1

2
t) + C1e

−
1

2
t + C2e

t.
















