






• Start point:  𝑡0 = 0, 𝑦0 = 1 
  

𝑘0,1 = 𝑓 𝑡0, 𝑦0 = 𝑓 0, 1 = 1 − 0 + 4 1 = 5 

𝑘0,2 = 𝑓 𝑡0 + ℎ, 𝑦0 + ℎ𝑘0,1 = 𝑓 0.2, 2 = 1 − 0.2 + 4 2 = 8.8 
  

𝑡1 = 𝑡0 + ℎ = 0.2 

𝑦1 = 𝑦0 + ℎ
𝑘0,1 + 𝑘0,2

2
= 1 + (0. 2)

5 + 8.8

2
= 2.38 

  

• Next point:  𝑡1 = 0.2, 𝑦1 = 2.38  
  

𝑘1,1 = 𝑓 𝑡1, 𝑦1 = 𝑓 0.2, 2.38 = 1 − 0.2 + 4 2.38 = 10.32 

𝑘1,2 = 𝑓 𝑡1 + ℎ, 𝑦1 + ℎ𝑘1,1 = 𝑓 0.4, 4.444 = 1 − 0.4 + 4 4.444 = 18.376 
  

𝑡2 = 𝑡1 + ℎ = 0.4 

𝑦2 = 𝑦1 + ℎ
𝑘1,1 + 𝑘1,2

2
= 2.38 + (0. 2)

10.32 + 18.376

2
= 5.2496 

  

• Next point:  𝑡2 = 0.4, 𝑦2 = 5.2496 
  

Keep going …….. 

Example: 𝑑𝑦

𝑑𝑡
= 1 − 𝑡 + 4𝑦, 𝑦 0 = 1 

𝐈𝐭𝐞𝐫𝐚𝐭𝐢𝐨𝐧:    𝑡𝑛+1 = 𝑡𝑛 + ℎ,  𝑦𝑛+1 = 𝑦𝑛 + ℎ
𝑘𝑛,1 + 𝑘𝑛,2
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Improved Euler Method  
with  ℎ = 0.2   (Step size) 
𝑓 𝑡, 𝑦 = 1 − 𝑡 + 4𝑦    



Example: Runge-Kutta Method with  ℎ = 0.2    (Step size) 
𝑓 𝑡, 𝑦 = 1 − 𝑡 + 4𝑦    

• Start point:  𝑡0 = 0, 𝑦0 = 1 
  

𝑘0,1 = 𝑓 𝑡0, 𝑦0 = 𝑓 0, 1 = 1 − 0 + 4 1 = 5 

𝑘0,2 = 𝑓 𝑡0 +
1

2
ℎ, 𝑦0 +

1

2
ℎ𝑘0,1 = 𝑓 0.1, 1.5 = 1 − 0.1 + 4 1.5 = 6.9 

𝑘0,3 = 𝑓 𝑡0 +
1

2
ℎ, 𝑦0 +

1

2
ℎ𝑘0,2 = 𝑓 0.1, 1.69 = 1 − 0.1 + 4 1.69 = 7.66 

𝑘0,4 = 𝑓 𝑡0 + ℎ, 𝑦0 + ℎ𝑘0,3 = 𝑓 0.2, 2.532 = 1 − 0.2 + 4 2.532 = 10.928 

 
  

𝑡1 = 𝑡0 + ℎ = 0.2 

𝑦1 = 𝑦0 +
ℎ

6
(𝑘0,1 + 2𝑘0,2 + 2𝑘0,3 + 𝑘0,4)

= 1 +
0.2

6
[5 + 2 6.9 + 2 7.66 + 10.928]  = 2.5016 

  

• Next point:  𝑡1 = 0.2, 𝑦1 = 2.5016  

𝑑𝑦

𝑑𝑡
= 1 − 𝑡 + 4𝑦, 𝑦 0 = 1 

𝐈𝐭𝐞𝐫𝐚𝐭𝐢𝐨𝐧:    𝑡𝑛+1 = 𝑡𝑛 + ℎ,  𝑦𝑛+1 = 𝑦𝑛 +
ℎ

6
(𝑘𝑛,1 + 2𝑘𝑛,2 + 2𝑘𝑛,3 + 𝑘𝑛,4) 



• Next point:  𝑡1 = 0.2, 𝑦1 = 2.5016  
•   

𝑘1,1 = 𝑓 𝑡1, 𝑦1 = 𝑓 0.2, 2.5016 = 1 − 0.2 + 4 2.5016 = 10.8064 

𝑘1,2 = 𝑓 𝑡1 +
1

2
ℎ, 𝑦1 +

1

2
ℎ𝑘1,1 = 𝑓 0.3, 3.58224 = 15.02896 

𝑘1,3 = 𝑓 𝑡1 +
1

2
ℎ, 𝑦1 +

1

2
ℎ𝑘1,2 = 𝑓 0.3, 4.004496 = 16.717984 

𝑘1,4 = 𝑓 𝑡1 + ℎ, 𝑦1 + ℎ𝑘1,3 = 𝑓 0.4, 5.8451968 = 23.9807872 
  
 

𝑡2 = 𝑡1 + ℎ = 0.4, 
  

𝑦2 = 𝑦1 +
ℎ

6
𝑘1,1 + 2𝑘1,2 + 2𝑘1,3 + 𝑘1,4  

= 2.5016 +
0.2

6
10.8064 + 2 15.02896 + 2 16.717984 + 23.9807872  

= 5.77763584 
  

• Next point:  𝑡2 = 0.4, 𝑦2 = 5.77763584 
  

Keep going ……… 

Example: 𝑑𝑦

𝑑𝑡
= 1 − 𝑡 + 4𝑦, 𝑦 0 = 1 

𝐈𝐭𝐞𝐫𝐚𝐭𝐢𝐨𝐧:    𝑡𝑛+1 = 𝑡𝑛 + ℎ,  𝑦𝑛+1 = 𝑦𝑛 +
ℎ

6
(𝑘𝑛,1 + 2𝑘𝑛,2 + 2𝑘𝑛,3 + 𝑘𝑛,4) 

Runge-Kutta Method with  ℎ = 0.2    (Step size) 
𝑓 𝑡, 𝑦 = 1 − 𝑡 + 4𝑦    



𝑑𝑦

𝑑𝑡
= 1 − 𝑡 + 4𝑦 

 

 𝑦 0 = 1 

The exact solution 
  

𝑦 𝑡 = −
3

16
+

1

4
𝑡 +

19

16
𝑒4𝑡 

  

can be obtained by “integrating factor”. 

Time step size:  ℎ = 0.2 

Euler Improved Euler Runge-Kutta 



𝑑𝑦

𝑑𝑡
= 1 − 𝑡 + 4𝑦 

 

 𝑦 0 = 1 

The exact solution 
  

𝑦 𝑡 = −
3

16
+

1

4
𝑡 +

19

16
𝑒4𝑡 

  

can be obtained by “integrating factor”. 

Time step size:  ℎ = 0.2 








