od]

Fu(.@,f f} M‘@yk
0‘y =L,

7(’%) :>/b

m Yo |2 ch,_jn-fj

n

’ >/n+\: 7"\*/&

=t

R,

Where & = F(t“»y“)

LDC:X TVW_‘C’M‘“E”UV

QI& o\OQX l {W"”(’N{‘/V"

OCW’)
o O

e

(tnet ;)’m l')
S(o{)e&“
' (’tn,yv\\
%, r ok
—



@rtgjigﬂmﬂgﬁiii,ffff%f[
by — (e, y), YT
ﬁ'{[

@f@ G ynu\}

= k. th
s 'tn-b\ jc"‘ ,Ahj‘—\-’&nlz
) )/h’cl “In T A 2

& e -{:(’Cn,/m7
whem ot \
{ %n,z_: 'F(tn'{”g‘ . >,V‘+%lé":‘

Loesl Tymn et s Ervy
04>
_Global Trincedin Evrov

O (4)

\ i, J::H‘\ t
S
4
[hse ¥he A\/el@f SIepe
ﬁmiﬁ%;_
2.



7%
i
st
’ /l, 7
t =[Eo A (En Yy
n
'/Qn l+2 '&n, 21‘ 2 %%3 # //‘mlﬁ T, .
'ynﬂ: >1'\+ VZ‘ é . t:% b
where £, | = fltn, ¥, ) V\ﬁ/_y
2= F6FTH, Yt bk se she Averpge Slope:
&”)3: 'F(tn*}‘:’a ;7,1'(' %kn,zv s ”?“6 ; -
'ﬁn 4,: {[‘6,\1‘/&})’" "”/% ﬁ""?’}
LM,J. Ti}’mcw‘:}m E rroy G éu[ow( T runcatiom Ewm/ D Z 4 4_>

- O(47)



Improved Euler Method

Example: | dy with h = 0.2 (Step size)
— =1-t+4y, 0) =1
dt i y(0) ft,y)=1—-t+4y
ko1 +k
Iteration: t,,; =t, + h, Vil =Vn + h n1 n,2

2

Start point: ¢, =0,y, =1

ko1 =f(to,y9) =f(0,1)=1-0+4(1) =5
koz = f(to + hyo + hkgq) = £(0.2,2) =1—0.2 + 4(2) = 8.8

t1=t0+h=02

ko1 + k 5+ 8.8
L 5 >2 =1+ (0.2)

Next point: t; = 0.2,y; = 2.38

ki1 = f(ty,y1) =£(0.2,2.38) =1 — 0.2 + 4(2.38) = 10.32

ki, = f(t1 + h,y, + hky 1) = (0.4,4.444) = 1 — 0.4 + 4(4.444) = 18.376
t,=t; +h =04

ki1 +k
2

Next point: t, = 0.4,y, = 5.2496

= 2.38

y1=Yot+h

- 10.32 + 18.376
2 = 238+ (0.2) > = 5.2496

Yy, =y1+h

Keep going ........




Example: | dy Runge-Kutta Method with h = 0.2 (Step size)

— =1—t+4y,y(0) =1
dt +4y,y(0) fty)=1—-t+4y

h
Iteration: t,., =t,+h, Vn+1 = VYn + 3 (kn1+ 2kpo + 2kp3 + kns)

e Startpoint: ¢, =0,y, =1

ko1 =f(to,y0) =f(0,1)=1-0+4(1) =5
ko2 =f (to +-hyo + %hko,l) = £(0.1,1.5) = 1 — 0.1 + 4(1.5) = 6.9

kos = f (to +3hyo +3hkoz) = £(0.1,1.69) = 1 — 0.1+ 4(1.69) = 7.66
koa = f(to + h Yo + hko3) = £(0.2,2.532) = 1 — 0.2 + 4(2.532) = 10.928

tl — to + h — 02
h
Y1=Yo Tt 5 (ko1 + 2kgo + 2kg3 + ko 4)

0.2
= 1+—[5+2(6.9) +2(7.66) +10.928] = 2.5016

* Next point: t; = 0.2,y; = 2.5016



Example: | dy

dt

=1—-t+4y,y(0) =1

Runge-Kutta Method with h = 0.2 (Step size)
fEy)=1-t+4y

h
Iteration: t,., =t,+h, Vn+1 = VYn + 3 (kn1+ 2kpo + 2kp3 + kns)

Next point: t; = 0.2,y; = 2.5016

kis = f(ty,y1) = £(0.2,2.5016) = 1 — 0.2 + 4(2.5016) = 10.8064
ki, =f (t1 +2h,y; + 2 hkey 1) = £(0.3,3.58224) = 15.02896

kig = f(ti +3h 1 +5hky ;) = £(0.3,4.004496) = 16.717984
kia = f(t1 + by, + hky3) = £(0.4,5.8451968) = 23.9807872

t2=t1+h=0.4,

h
Y2 =Y1+ 5 (k1,1 + 2k, + 2k 3 + k1,4)

0.2
= 2.5016 + — [10.8064 + 2(15.02896) + 2(16.717984) + 23.9807872]

6

= 5.77763584
Next point: t, = 0.4,y, = 5.77763584

Keep going .........



The exact solution

dy 3 1 19
dt O TR
y(0) =1 can be obtained by “integrating factor”.

Time step size: h = 0.2

Euler Improved Euler Runge-Kutta




The exact solution

dy

—=1—-t+4y

dt
y(0) =1

Time step size:

E:.?E
0.
0.2
0.4
0.6
0.8
1.0
12
14
1.6
1.3

20

h =0.2

"Euler”

1.0
2.00
3.760
6.8880
12 47840
22501120
40.5020160
72 86362880
131.0745318
2358141572
424 3054830

y(t) =

1.0
2380000000
5.249600000
11.27715200
239995622

5091507195
107.9199526

228.7142995
484.742314%
1027465708
2177983301

3,1, .19
16 4" " 16°

can be obtained by “integrating factor”.

"Improved Euler" "Runge-Kutta"

1.0
2.501600000
5.777635840
1299717789
2898076814

64 44157911
1431885654

318.1347477
706.8740234
1570747070
3490.557408

"Exact Solution" |

1.000000000
2.505329852
5.794226004
13.05252195
2914487961

64 89780316
144 4061208

321.2938588
7149034825
1590836532
3540.200110




TABLE 8.3.1

A comparison of results using the Euler and improved Euler methods for the initial value

problemy’ =1 -7+ 4y, y(0) = 1.

I

0

0.1
0.2
0.3
0.4
0.5
1.0
1.5

Euler Improved Euler
h=0.01 h=0.001 h =0.025 h=0.01
1.0000000 1.0000000 1.0000000 1.0000000
1.5952901 1.6076289 1.6079462 1.6088585
2.4644587 2.5011159 2.5020618 2.5047827
3.7390345 3.8207130 3.8228282 3.8289146
5.6137120 5.77754844 5.7796888 5.7917911
8.3766865 8.6770692 8.6849039 8.7074637
60.037126 64.382558 64.497931 64.830722
426.40818 473.55979 474.83402 478.51588
2.0 3029.3279 3484.1608 3496.6702 3532.8789

Exact

1.0000000
1.6090418
2.5053299
3.8301388
5.7942260
8.7120041
64.897803

479.25919
3540.2001



TABLE 8.3.2

A comparison of results using the improved Euler and Runge—Kutta methods for the

initial value problem

I

0
0.1
0.2
0.3
0.4
0.5
1.0
1.5
2.0

Improved Euler

h =0.025

1.0000000
1.6079462
2.5020618
3.8228282
5.7796888
8.6849039

64.497931
474.83402
3496.6702

=1—-t+4y,y0)=1.

Runge—Kutta

h=0.2
1.0000000

2.5016000

5.7776358

64.441579

3490.5574

h=0.1
1.0000000
1.6089333
2.5050062
3.8294145
5.7927853
8.7093175
64.858107

478.81928
3535.8667

h =0.05

1.0000000
1.6090338
2.5053060
3.8300854
5.7941197
8.7118060

64.894875
479.22674
3539.8804

Exact

1.0000000
1.6090418
2.5053299
3.8301388
5.7942260
8.7120041
64.897803

479.25919
3540.2001





