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Recall basics of X = AX

Eigenvalues & (generalized) eigenvectors of A
= solution formulas, dynamics, stability /instability.....
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Complex eigenvalues A with Re A < 0 } help stabilization.



Recall basics of X' = AX

Eigenvalues & (generalized) eigenvectors of A
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Negative eigenvalues A < 0

Complex eigenvalues A with Re A < 0 } help stabilization.

Positive eigenvalues A > 0

Complex eigenvalues A with Re A > 0 } imply instability.



Recall basics of X' = AX

Eigenvalues & (generalized) eigenvectors of A
= solution formulas, dynamics, stability /instability,....

Negative eigenvalues A < 0

Complex eigenvalues A with Re A < 0 } help stabilization.

Zero eigenvalues A = 0 « 77
are “neutral”.

Complex eigenvalues A with Re A =0

Positive eigenvalues A > 0 } imply instability.

Complex eigenvalues A with Re A > 0
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Example 5.

_ —x1 — X2 fi(z1,22) = —x1 — 22
w1 — Txo + :E% — 3129 fg(xl,fvg) =x1 — Txo + :U% — 3179

Find all equilibria.

For each equilibrium, give the linear approximating system near
it.
Sketch the phase portrait of the linear approximating system.

Determine whether each equilibrium is stable or unstable with
respect to the nonlinear system.



Example 5. Find equilibria.

} . [ml —X1 — X2 ] { fi(z1,22) = —x1 — 2

— Txo + :c% — 3z1x9 fo(x1,22) =x1 — Tx2 + :c% — 3x1x9



Example 5. Find equilibria.

[z:l} _ [ —x1 — T2 ] { fi(z1,m2) = —x1 — T2
2

x1 — Txo + :c% — 3x1x9 fo(x1,22) =x1 — Tx2 + x% — 3x1x9

e Find equilibria, by solving f(X) = 0, that is, {ggii g; _ 8
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Example 5. Find equilibria.

[w:j _ [ —T1 — Z2 ] { fi(z1,22) = —x1 — 2

T x1 — Txo + x% — 3x1x9 fo(x1,22) =x1 — Tx2 + x% — 3x1x9

e Find equilibria, by solving f(X) = 0, that is, {ggii g; _ 8

(1) —xl—:cgzo
(2) x1— 7wy + 23 — 31122 =0

From (1), o = —x1.
Substitute this in (2): 8x1 + 427 =0 = 21 =0, or 1 = —2.



Example 5. Find equilibria.

B:l} _ [ —x1 — T2 ] { fi(z1,m2) = —x1 — T2
2

x1 — Txo + x% — 3x1x9 fo(x1,22) =x1 — Tx2 + az% — 3x1x9

e Find equilibria, by solving f(X) = 0, that is, {ggii g; _ 8

{ (1) —x1—122=0

(2) x1— 7wy + 23 — 31122 =0

From (1), o = —x1.
Substitute this in (2): 8x1 + 427 =0 = 21 =0, or 1 = —2.

Combined with o = —x7:

= Two equilibria: (z1,x3) = (0,0), (z1,z2) = (—2,2).



Example 5. Linear approximating system near the
equilibrium (0, 0).

i —x1 — X2 fi(z1,22) = —x1 — T2
zo|  |x1— Tz + :Jc% — 3x179 fo(x1,x2) =1 — Tx2 + x% — 3x129

e T'wo equilibria: (x1,22) = (0,0), (x1,22) = (—2,2).



Example 5. Linear approximating system near the

equilibrium (0, 0).
i —x1 — X2 fi(z1,22) = —x1 — T2
x| 231—-7$2-+1E%—-3$1$2 jb(xl,xg):::rl—-7x2-+wr%——3x1x2
e T'wo equilibria: (x1,22) = (0,0), (x1,22) = (—2,2).

e Calculate the Jacobian matrix

o/ o
7 8:1:11 8:13; —1 —1
B Of2  Of B 1 — 3x9 —7 — 311 + 229
| Ox1  Oza |



Example 5. Linear approximating system near the
equilibrium (0, 0).

[33’1} - [ —T1 — T2 ] { fi(z1,z2) = —21 — 22

x| 231—-7$2-+ﬁﬁ%—-3$1$2 jb(ml,xg):::rl—-7x2-+wr%——3x1x2
e T'wo equilibria: (x1,22) = (0,0), (x1,22) = (—2,2).

e Calculate the Jacobian matrix

o/ o
7 8:1:11 8:13; —1 —1
B Of2  Of B 1 — 3x9 —7 — 311 + 229
| Ox1  Oza |

e Near the equilibrium (0, 0), construct a linear approx. system:



Example 5. Linear approximating system near the

equilibrium (0, 0).
i —x1 — X2 fi(z1,22) = —x1 — T2
x| :Dl—-7$2-+ﬁﬁ%—-3$1$2 jb(ml,xg):::rl—-7x2-+wr%——3x1x2
e T'wo equilibria: (x1,22) = (0,0), (x1,22) = (—2,2).

e Calculate the Jacobian matrix

o/ o
7 8:1:11 8:13; —1 —1
B Of2  Of B 1 — 3x9 —7 — 311 + 229
| Ox1  Oza |

e Near the equilibrium (0, 0), construct a linear approx. system:

» Evaluate J at equilibrium (z1,z3) = (0,0): J = [_11 :;]



Example 5. Linear approximating system near the

equilibrium (0, 0).
i —x1 — X2 fi(z1,22) = —x1 — T2
x| :ﬁl—-7$2-+ﬁﬁ%—-3$1$2 jb(ml,xg):::rl—-7x2-+wr%——3x1x2
e T'wo equilibria: (x1,22) = (0,0), (x1,22) = (—2,2).

e Calculate the Jacobian matrix

o/ o
7 8:1:11 8:13; —1 —1
B Of2  Of B 1 — 3x9 —7 — 311 + 229
| Ox1  Oza |

e Near the equilibrium (0, 0), construct a linear approx. system:

» Evaluate J at equilibrium (z1,z3) = (0,0): J = [_11 :;]

» The linear approximating system near (0, 0) is:

Ei i



Example 5. Dynamics near (0,0).
i | —x1 — X9 fi(x1,22) = —x1 — 2
zh|  |z1 — Tz + a:% — 3x1x9 fo(x1,x2) = x1 — Tx2 + :13% — 3x1x9
e Two equilibria: (x1,2z2) = (0,0), (x1,72) = (—2,2).

" -1 -1 4
e Linear approx system near (0,0): X' = [ 1 _7] X



Example 5. Dynamics near (0,0).
i | —x1 — X9 fi(x1,22) = —x1 — 2
zh|  |z1 — Tz + a:% — 3x1x9 fo(x1,x2) = x1 — Tx2 + :13% — 3x1x9
e Two equilibria: (x1,2z2) = (0,0), (x1,72) = (—2,2).

" -1 -1 4
e Linear approx system near (0,0): X' = [ 1 _7] X

M= —d42vE <0, @ = |0 T2V
e Figenvalues & eigenvectors: 3 _ 93]

Ao =—4—2v/2<0, ts =




Example 5. Dynamics near (0,0).

i | —x1 — X9 fi(x1,22) = —x1 — 2
zh|  |z1 — Tz + a:% — 3x1x2 fo(x1,x2) = x1 — Tx2 + :13% — 3x172

e Two equilibria: (x1,2z2) = (0,0), (x1,72) = (—2,2).

" -1 -1 4
e Linear approx system near (0,0): X' = [ 1 _7] X

A= —44+2v/2<0, U, 3+12\/§,

e Figenvalues & eigenvectors: = -
)\2:—4—2\/§<0, Us = 3-2V2

1

e Thus, (0,0) is an attractive node & is asymptotically stable in the linear
dynamics.



Example 5. Dynamics near (0,0).

i | —x1 — X9 fi(x1,22) = —x1 — 2
zh|  |z1 — Tz + a:% — 3x1x9 fo(x1,x2) = x1 — Tx2 + :13% — 3x1x9
e Two equilibria: (x1,2z2) = (0,0), (x1,72) = (—2,2).
=/

-1 —1{
e Linear approx system near (0,0): X' = [ ] _7] X

A= —4+2V2<0, @ 3+12\/§ :
e Figenvalues & eigenvectors: = -
)\2:—4—2\/§<0, o = 3_2\/5

1

e Thus, (0,0) is an attractive node & is asymptotically stable in the linear
dynamics.

e Since the eigenvalues are not neutral,
the nonlinear dynamics are equivalent to the linear dynamics near (0, 0).



Example 5. Dynamics near (0,0).

i | —x1 — X9 fi(x1,22) = —x1 — 2
zh|  |z1 — Tz + a:% — 3x1x9 fo(x1,x2) = x1 — Tx2 + :13% — 3x1x9
e Two equilibria: (x1,2z2) = (0,0), (x1,72) = (—2,2).

" -1 -1 4
e Linear approx system near (0,0): X' = [ 1 _7] X

A= —4+2V2<0, @ 3+12\/§ :
e Figenvalues & eigenvectors: = -
)\2:—4—2\/§<0, o = 3_2\/5

1

e Thus, (0,0) is an attractive node & is asymptotically stable in the linear
dynamics.

e Since the eigenvalues are not neutral,
the nonlinear dynamics are equivalent to the linear dynamics near (0, 0).

e Equilibrium (0, 0) is asymptotically stable with respect to the original
nonlinear system.



Example 5. Since all the eigenvalues are non-neutral,
Linear approx dynamics = Nonlinear local dynamics near equilibria

Linear Approx Dynamics Near (0,0

-2 -

Nonlinear Dynamics Near (0, 0)



Example 5. Dynamics near (—2,2).

| —T1 — To fi(x1,x2) = —x1 — x2
:c’2 ey — Tz + az% — 3x179 fo(x1,x2) = x1 — Tx2 + a:% — 3x12x9

e Two equilibria: (x1,z2) = (0,0), (x1,72) = (—2,2).



Example 5. Dynamics near (—2,2).
| —T1 — To fi(x1,x2) = —x1 — x2
:c’2 ey — Tz + az% — 3x179 fo(x1,x2) = x1 — Tx2 + a:% — 3x12x9
e Two equilibria: (x1,z2) = (0,0), (x1,72) = (—2,2).

e Evaluate J at (x1,72) = (—2,2): J = [:é _31]



Example 5. Dynamics near (—2,2).
| —T1 — To fi(x1,x2) = —x1 — x2
:c’2 ey — Tz + az% — 3x179 fo(x1,x2) = x1 — Tx2 + a:% — 3x12x9
e Two equilibria: (x1,z2) = (0,0), (x1,72) = (—2,2).

e Evaluate J at (x1,72) = (—2,2): J = [:é _31]

/ —1 -1 2
e Linear approx system near (—2,2): [il ] - [ ] [xl - ]
2



Example 5. Dynamics near (—2,2).

) _ —T1 — To fi(x1,x2) = —x1 — x2
:c’2 xr1 — Txo + az% — 3x179 fo(x1,x2) = x1 — Tx2 + a:% — 3x12x9
e Two equilibria: (x1,z2) = (0,0), (x1,72) = (—2,2).

e Evaluate J at (x1,z2) = (—2,2): J = [_1 _1]



Example 5. Dynamics near (—2,2).

) _ —T1 — To fi(x1,x2) = —x1 — x2
:c’2 xr1 — Txo + az% — 3x179 fo(x1,x2) = x1 — Tx2 + a:% — 3x12x9
e Two equilibria: (x1,z2) = (0,0), (x1,72) = (—2,2).

e Evaluate J at (x1,z2) = (—2,2): J = [_1 _1]

e Linear approx system near (—2,2): [

e Eigenvalues & eigenvectors:

e Thus, (—2,2) is a saddle & is unstable in the linear dynamics.



Example 5. Dynamics near (—2,2).

) _ —T1 — To fi(x1,x2) = —x1 — x2
:c’2 xr1 — Txo + x% — 3x179 fo(x1,x2) = x1 — Tx2 + a:% — 3x12x9
e Two equilibria: (x1,z2) = (0,0), (x1,72) = (—2,2).

e Fvaluate J at (961,$2) — (—272): J = [:é _31]

[

)\1 — 47 l_il — |:_]i/5:| ’

s 1
)\2 = —2, U — [1:|

X
X

[\D\ [

e Linear approx system near (—2,2): [

e Eigenvalues & eigenvectors:

e Thus, (—2,2) is a saddle & is unstable in the linear dynamics.

e Since the eigenvalues are not neutral,
the nonlinear dynamics are equivalent to the linear dynamics near (—2,2).



Example 5. Dynamics near (—2,2).

) _ —T1 — To fi(x1,x2) = —x1 — x2
:c’2 xr1 — Txo + x% — 3x179 fo(x1,x2) = x1 — Tx2 + a:% — 3x12x9
e Two equilibria: (x1,z2) = (0,0), (x1,72) = (—2,2).

e Fvaluate J at (961,$2) — (—272): J = [:é _31]

[

)\1 — 47 l_il — |:_]i/5:| ’

s 1
)\2 = —2, U — [1:|

X
X

[\D\ [

e Linear approx system near (—2,2): [

e Eigenvalues & eigenvectors:

e Thus, (—2,2) is a saddle & is unstable in the linear dynamics.

e Since the eigenvalues are not neutral,
the nonlinear dynamics are equivalent to the linear dynamics near (—2,2).

e Equilibrium (—2,2) is also a saddle with respect to the original nonlinear
system & it is unstable.



Example 5. Since all the eigenvalues are non-neutral,
Linear approx dynamics = Nonlinear local dynamics near equilibria

Linear Approx Dynamics Near (-2,2) Linear Approx Dynamics Near (0,0

i




Example 5. Since all the eigenvalues are non-neutral,
Linear approx dynamics = Nonlinear local dynamics near equilibria

Linear Approx Dynamics Near (-2,2) Linear Approx Dynamics Near (0,0

i

Nonlinear Dynamics Near Equilibria




Example 5. GGlobal phase portrait of the nonlinear system

Nonlinear Dynamics




Example 5. GGlobal phase portrait of the nonlinear system

Nonlinear Dynamics




Example 6 (Neutral Eigenvalue)

/
{ T = 2w129 + 75 — X3 + 27

/I 2
Ty = —T2 + X7

» Find all equilibria.

» For each equilibrium, give the linear approximating system near
it.

» Sketch the phase portrait of the linear approximating system.

» Determine whether each equilibrium is stable or unstable with
respect to the nonlinear system.



Example 6 (continued). Find equilibria.

{ Ty = 2x179 + 23 — 2% + 27

/
Ty = —I9 —I—ZC%



Example 6 (continued). Find equilibria.

{ Ty = 2x179 + 23 — 2% + 27

/
rh = —x9 + 2%

& {fl(iﬁlafﬂz) =

e Find equilibria, by solving f(X) = 0, that is, Foliy, 29) =



Example 6 (continued). Find equilibria.

{ Ty = 2x179 + 23 — 2% + 27

rh = —x9 + 2%
. «1e . . o=\ . fl(lCl,QjQ)
e Find equilibria, by solving f(X) = 0, that is,
fa(x1,22)

(1) 2z129 + 25 — 23 + 27 =0
(2) —332—|—33%:O



Example 6 (continued). Find equilibria.

{ Ty = 2x179 + 23 — 2% + 27

rh = —Tg + 27
e Find equilibria, by solving f(%) = 0, that is, {ggii Z% o

(1) 2x1x0 +25 — 25 +27 =0
(2) — X9 -+ 33% =0
From (2), x5 = z%.

Substitute this in (1):
ittt =0=23(1+21+23)=0=27,=0



Example 6 (continued). Find equilibria.

{ Ty = 2x179 + 23 — 2% + 27

rh = —Tg + 27
e Find equilibria, by solving f(%) = 0, that is, {ggii Z% o

(1) 2x1x0 +25 — 25 +27 =0
(2) — X9 -+ QZ% =0
From (2), x5 = z%.

Substitute this in (1):
ittt =0=23(1+21+23)=0=27,=0

From x5 = 7 it follows x5 = 0.

= Only one equilibrium: (z1,22) = (0,0).



Example 6 (continued).

Linear approx sys near the equilibrium (0, 0).

[:1:/1} _ [2331:132 + x5 —x$ + CB?} { fi(z1,22) = 2x122 + 23 — T3 + 23
—I9Q -|—a:% f2(x1,$2) — —T9 _|_x%



Example 6 (continued).

Linear approx sys near the equilibrium (0, 0).

[wi} _ [2az1x2 + x5 —x$ + CB?} { fi(z1,22) = 2x122 + 23 — T3 + 23
—I9Q ‘|‘33% f2($1,332) — —T9 —|—$%

» (Calculate the Jacobian matrix

o/ o
7 89[:1 833; 209 — 333% —+ 5%411 201 + 2x9
|8 Bfe| 211 —1
| 021 Ox2




Example 6 (continued).

Linear approx sys near the equilibrium (0, 0).

[wi} _ [2az1x2 + x5 —x$ + m?} { fi(z1, x2) = 2z1200 + 22 — 23 + 2F
—I9Q ‘|‘33% f2($1,332) — —T9 _|_m%

» (Calculate the Jacobian matrix

o/ o
7 8901 833; 209 — 333% —+ 5213411 201 + 2x9
|8 Bfe| 211 —1
| 021 Ox2

» Evaluate J at equilibrium (z1,z2) = (0,0): J = [O 0 ]



Example 6 (continued).

Linear approx sys near the equilibrium (0, 0).

[wi} _ [2az1x2 + x5 —x$ + w?} { fi(z1, x2) = 2z1200 + 22 — 23 + 2F

x4 —x2 + o7 fa(x1,22) = —w2 + 23

» (Calculate the Jacobian matrix

o/ o
7 8301 833; 209 — 333% —+ 5113‘41l 201 + 2x9
|8 Bfe| 211 —1

| 021 Ox2

» Evaluate J at equilibrium (z1,z3) = (0,0): J = [8 _01]

» The linear approximating system near (0,0) is:

=l Sl



Example 6. (continued)

Linear Approximate Dynamics near (0,0).

T _ 2$1£E2—|—CC% —x?—i—w? fi(x1,x2) :2$1£I?2—|—CC% —:c%—l—w?
x5 —x9 + x2 fo(z1,x2) = —w2 + 27
: el - Ny 0
» Linear approx system near the equilibrium(0,0): X' = [ 1



Example 6. (continued)

Linear Approximate Dynamics near (0,0).

T _ 2$1£E2—|—CC% —x?—i—w? fi(x1,x2) :2$1£I?2—|—CC% —:c%—l—w?
x5 —x9 + a:% fo(x1,22) = —x2 + a:%
: el - Ny 0O O
» Linear approx system near the equilibrium(0,0): X' = 0 1

> FKigenvalues & eigenvectors:

,
)\1:0, ﬁlz

)\2:—1<0, U =

\



Example 6. (continued)

Linear Approximate Dynamics near (0,0).

1

8 8

M) S~

I |
|

- 2$1£E2—|—CC% —x?—i—w? fi(x1,x2) :2$1£I?2—|—CC% —:c%—l—w?
—x9 + x2 fo(z1,x2) = —w2 + 27

» Linear approx system near the equilibrium(0,0): X' = [8 _01] X

> FKigenvalues & eigenvectors:

( 1
Al = O, ﬁl — : Linear approximating dynamics:
_O_ Attractive line of equilibria
< o
Ao = —1<0, Uy = 1
\ e —

-
. o

» Thus, the linear approximate dynamics

has an attractive line of equilibria.

.
I




Example 6. (continued)

Linear Approximate Dynamics near (0,0).

1

8 8

M) S~

I |
|

- 2:1019024—:6% —x?—i—w? fi(x1,x2) :2:101:1324—33% —CE%—I—J??
—x9 + x2 fo(z1,x2) = —w2 + 27

» Linear approx system near the equilibrium(0,0): X' = [8 _01] X

> FKigenvalues & eigenvectors:

( 1
Al = O, ﬁl — : Linear approximating dynamics:
_O_ Attractive line of equilibria
< o
Ao = —1<0, Uy = 1
\ e —

-
. o

» Thus, the linear approximate dynamics

has an attractive line of equilibria.

.
I

» Since there is a neutral eigenvalue A1 = 0,
it is possible that the nonlinear dynamics
is non-equivalent to the linear dynamics

near (0,0).




Example 6. (continued)

Linear Approximate Dynamics near (0,0).

2:1019024—:6% —x?—i—w? fi(x1,x2) :2:101:1324—33% —CE%—I—J??
—x9 + x2 fo(z1,x2) = —w2 + 27

Linear approx system near the equilibrium(0,0): X' = [8 _01] X

Eigenvalues & eigenvectors:

( 1
Al = O, ﬁl — : Linear approximating dynamics:
_O_ Attractive line of equilibria
< o
Ao = —1<0, Uy = 1
\ e —

-
\

Thus, the linear approximate dynamics

has an attractive line of equilibria.

.
i

Since there is a neutral eigenvalue A1 = 0,
it is possible that the nonlinear dynamics
is non-equivalent to the linear dynamics
near (0,0).
In other words, the linear analysis fails to determine the local
nonlinear dynamics near (0, 0).




Example 6. (continued)

Linear approximating dynamics:

. Attractive line of equilibria
Linear approx system for (x1,x2) ~ (0,0): \
4

b 4

X'

L=

et { 20 illi



Example 6. (continued)

Linear approximating dynamics:

. Attractive line of equilibria
Linear approx system for (z1,x3) ~ (0,0): m }
J

o

X'

L=

>/>/

Eigenvalues {

ully

The following is an incomplete list of the
possible local phase portraits of the nonlinear system near (0, 0):

et cetera




Example 6. (continued)

Linear approximating dynamics:
Attractive line of equilibria

Linear approx system for (x1,x2) ~ (0,0):

b ) I

L=

X
Eigenvalues {

i

The following is an incomplete list of the
possible local phase portraits of the nonlinear system near (0, 0):

b | &
Wt \\
/A\k ) et cetera
/| 1 YT\ /'/////
] s
S |
/] | an

To determine the correct picture, need advanced nonlinear theories:
normal forms, center manifolds,



Linear approximating dynamics:

Example 6, (C()ntinued) Attractive line of equilibria
Linear approx system for (z1,x2) =~ (0,0):

-
\ o

0 O}_(,
0 -1
0

X' =
: Al =
Eigenvalues { N — 1 <0

N
-y




Example 6. (continued)
Linear approx system for (z1,x2) =~ (0,0):
, o 0]
-l 4
A =0
A

X
Eigenvalues { L= 1<0

Linear approximating dynamics:
Attractive line of equilibria

-
\ o

4#7

The actual local phase portrait of
the nonlinear system near (0,0):

x| _ |2z + 25 — o3 + 23
Th —T9 + 2%

Local phase portrait of nonlinear
dynamics: Unstable equilibrium

N




Linear approximating dynamics:

Example 6 . (C()nt inued) Attractive line of equilibria

Linear approx system for (x1,x2) =~ (0,0):

,oo}_(,
—1

-
\ o

X
Eigenvalues { !

l\D
I
|
| —
A\
-
— ey

Local phase portrait of nonlinear
dynamics: Unstable equilibrium

The actual local phase portrait of \j

the nonlinear system near (0,0):

x| _ |2z + 25 — o3 + 23
Th —T9 + 2%

N

e Impossible to get this by the linear approximation alone.
e Advanced nonlinear tools (center manifolds, ...) can get us this
picture.



Example 7 (Neutral Eigenvalue)

1,..3

/ 1
r) = x1x0 + $23 + 2]
/
Ty = T2 + 57

» Give the linear approximating system near the equilibrium (0, 0).
Sketch the phase portrait of the linear approx system.

» Determine whether (0, 0) is stable or unstable with respect to the
nonlinear system.

» Sketch the local phase portrait of the nonlinear system near (0,0)



Example 7 (a) Linear approx system near (0,0).

1.3

1
[Qﬂ _ |zw2 + 5oy +af
i f2($1,582>:x2+§$1

1
T x2 + 5%?

{ fi(z1,z2) = z1x2 + %x‘;’ + xt



Example 7 (a) Linear approx system near (0,0).

1
[m’l} _ |z + ngg?jl—:céll
ro + 57

{ fi(z1,z2) = z1x2 + %x% + xt

fa(z1,2) = z2 + 223

» (Calculate the Jacobian matrix

[ 0f1 Of1]
7 Ox1  Ouxo T2 + 496? Tl + %x%
B 0f2 O f2 N §ZIJ% 1
_8331 8%2_ 2




Example 7 (a) Linear approx system near (0,0).

1
[m’l} _ |z + ngg?jl—:céll
ro + 57

{ fi(z1,z2) = z1x2 + %x% + xt

fa(z1,2) = z2 + 223

» (Calculate the Jacobian matrix

[ O0f1  Of1]

7 Ox1  Ouxo T2 + 496? Tl + %x%
0f2 O f2 N §ZIZ% 1
_8331 8%2_ 2

» Evaluate J at equilibrium (x1,2z2) = (0,0): J = [8 (f]



Example 7 (a) Linear approx system near (0,0).

1
[m’l} _ |z + ngg?jl—:céll
ro + 57

{ fi(z1,z2) = z1x2 + %x% + xt

fo(xz1,x2) = x2 + %xi’

» (Calculate the Jacobian matrix

[ O0f1  Of1]

3
J B ox1 Oxo o i) —|_ 4%? I “F 5:6%
0f2 O f2 %ZE% 1
| 0z O0x2 |

» Evaluate J at equilibrium (x1,2z2) = (0,0): J = [8 (f]

» The linear approximating system near (0,0) is:

=0 3 L



Example 7 (a) Linear Approx Dynamics near
(0,0).

1 1
122 + =25 + o] fi(x1,22) = z1we + s23 + 2]
572 1 52 1

L1
LU’J B [ z2 + 323 ] { fo(z1,®2) = w2 + 37

» Linear approx system near the equilibrium(0, 0):

= lo o) )



Example 7 (a) Linear Approx Dynamics near
(0,0).

1 1
)| |rize + s23 + o] fi(@1, @2) = w122 + 225 + 2]
P = 1 1
T2 + 57 fa(z1,22) = 22 + 523

» Linear approx system near the equilibrium(0, 0):
ar;’l . 0 0 X1
xo| |0 1| |2
» FEigenvalues & eigenvectors:
4 '1'
)\1 = O, ﬁl —

Y

_O_
%
_1_



Example 7 (a) Linear Approx Dynamics near
(0,0).

{x’ll _ [x1x2 + sa5 + xil] { fi(z1, 22) = w122 + 223 + o}

Tt T2 + 53 fo(z1,z2) = w2 + 53

» Linear approx system near the equilibrium(0, 0):
ar;’l . 0 0 X1
xo| |0 1| |2

» FEigenvalues & eigenvectors:

( 1
A1 =0 U1 — Linear approximating dynamics:
1 9 1 Y]
< _O_ Repulsive line of equilibria
—_ 0
Ao =1>0, Uz = 1
\

.
i

» Thus, the linear approximate dynamics

has a repulsive line of equilibria.

.
\




Example 7 (a) Linear Approx Dynamics near
(0,0).

) 1
)| |rize + s23 + o] fi(@1, @2) = w122 + 225 + 2]
il = 1 1
!, z2 + 323 fa(z1,22) = 2 + 7

» Linear approx system near the equilibrium(0, 0):
ac’l . 0 0 X1
xo| |0 1| |2

> Higenvalues & eigenvectors:

( 1
A1 =0, u;

Linear approximating dynamics:
Repulsive line of equilibria

Y

)\2:1>0, uo

_O_
%
_1_

\

.
i

» Thus, the linear approximate dynamics

has a repulsive line of equilibria.

.
\

» Since there is a neutral eigenvalue A\; = 0,
it is possible that the nonlinear dynamics
is non-equivalent to the linear dynamics

near (0,0).




Example 7. (b)(c) Local nonlinear dynamics
near (0,0)

Linear approximating dynamics:

. Repulsive line of equilibria
Linear approx system for (x1,x2) =~ (0,0): ' 1

r “]x il

X'

-

> >
||

Eigenvalues {

(neutral) |
e,



Example 7. (b)(c) Local nonlinear dynamics
near (0,0)

Linear approx system for (z1,x2) =~ (0,0):

Linear approximating dynamics:
Repulsive line of equilibria

(neutral)
(instability)




Example 7. (b)(c) Local nonlinear dynamics
near (0,0)

Linear approx system for (z1,x2) =~ (0,0):

01 il

Linear approximating dynamics:
Repulsive line of equilibria

A1 =0 (neutral)
Ao =1>0 (instability)

Eigenvalues {

e Linear analysis alone cannot determine the correct picture.



Example 7. (b)(c) Local nonlinear dynamics
near (0,0)

Linear approx system for (z1,x2) =~ (0,0):

01 il

Linear approximating dynamics:
Repulsive line of equilibria

A1 =0 (neutral)
Ao =1>0 (instability)

Eigenvalues {

e Linear analysis alone cannot determine the correct picture.

e But we do know (0,0) is unstable in the nonlinear system.



Example 7. (b)(c) Local nonlinear dynamics
near (0,0)

Linear approx system for (z1,x2) =~ (0,0):

o [0 0]
0 1

Linear approximating dynamics:
Repulsive line of equilibria

Fivenval A1 =0 (neutral)
SEIVATLES Ao =1>0 (instability)

e Linear analysis alone cannot determine the correct picture.
e But we do know (0,0) is unstable in the nonlinear system.

e Reason: since Ao = 1 > 0, solutions along this eigenspace will grow,
with the growth rate =~ 1, even in the nonlinear system.



E Xam p ]. e 7 ° S u m m ar y. Linear approximating dynamics:

Repulsive line of equilibria

Linear approx system for (z1,x2) =~ (0,0):

; °]X *

X'

g

(neutral)
(instability)

>/>/

Eigenvalues {




Example 7. Summary.

Linear approx system for (z1,x2) =~ (0,0):

OO}_(,
0 1

0 (neutral)
1

R/ =
Ei 1 A1 =
BEIVATIES 1 A\, =1 >0 (instability)

Linear approximating dynamics:
Repulsive line of equilibria

-
g

e Since one of the eigenvalues is > 0,

the linear aprroximation = the nonlinear instability of (0,0).



E X am p ]. e 7 ° S u m m ar y. Linear approximating dynamics:

Repulsive line of equilibria

Linear approx system for (z1,x3) =~ (0,0):

OO}_(,
0 1 1

g

0 (neutral)
1 >0 (instability)

.
o

X' =
Eigenvalues { M
A2

e Since one of the eigenvalues is > 0,

the linear aprroximation = the nonlinear instability of (0,0).
e Since one of the eigenvalues is = 0 (neutral),

the linear aprroximation #- the nonlinear local phase portrait.




Example 7. Summary.

Linear approximating dynamics:
Repulsive line of equilibria

Linear approx system for (z1,x3) =~ (0,0):
"y [0 o]
X X 1
. = (neutral)
Eigenvalues { _ (instability) 4

e Since one of the eigenvalues is > 0,

the linear aprroximation = the nonlinear instability of (0,0).
e Since one of the eigenvalues is = 0 (neutral),

the linear aprroximation #- the nonlinear local phase portrait.

Local phase portrait of nonlinear
dynamics: Unstable equilibrium

e Advanced nonlinear tools (center mani-
folds, ...) can give the local phase portrait
of the nonlinear system near (0,0):

Ty _ (7122 + —I—x‘f
Th T2 + 2:161

7
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