Second Order Homogeneous Linear ODEs
with Constant Coefficients

Xu-Yan Chen



Diff Eqs: ay’ +by +cy =0

(a # 0 and a, b, c are real constants)

Things to explore:
» General solutions

Initial value problems

>

» Graph solutions y vs ¢

» Phase portraits in the (y,y’) plane
>

Stability /instability of equilibrium (0, 0)



Diff Eqs:  ay” +by' +cy =0

The Solution Method:

» a)\? + b\ + ¢ = 0 (characteristic polynomial)
= A1, A2 (characteristic roots)
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Diff Eqs:  ay” +by' +cy =0

The Solution Method:

» a)\? + b\ + ¢ = 0 (characteristic polynomial)
= A1, A2 (characteristic roots)

>
Root structure General solutions
A1 F A2 y = Cre Mt + Chet?t
A = Ao y = CreMt + Cy t et
Mo=ax8i(8>0)]|y=Cre* cos(Bt) + Cre® sin(5t)

ay’ + by +cy=0

» The Initial Value Problem
{ y(to) =vyo, Y'(to) =u

Initial condition = C7,C3 = Unique solution y(t)



2nd Ord Diff Eq Equivalent System

! 0 1
wrswrm=o e [H=[0 L][]

by setting (x1,z2) = (y,y)

e Eigenvalues: a)\?> +b\+c=0<=det(A—\) =0
e Distinct roots: \; # Xy, y = CreMt + Chet?t

vyl _ [T1| _ A1t 1 Aot 1
> |y] =[] e [ ey

e Repeated roots: A\ = )y, y = Cett + CyteM?

=)= [l = ] e () 1))

e Complex roots: Mo =a=+fi, y=Cre* cospt+ Coe* sin St
= [y/] — [561] = (Cqe®t (Cos(ﬂt) [;] — sin(6t) y )

Y T2 )
+Che (sin(ﬁt) [;] + cos(ft) g )
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Example: 3y"” + 14y’ 4+ 8y =0

o Eigenvalues: 3M\? + 14\ +8 =10
M =—% dg=—4
e General solutions:

y = Cre 3t + Cye4t

e On the plane of (z1,x2) = (y,vy):

[331] — C’le_%t [ 12] +Chye™ ¥ [ 1 ]
i) —3 —4
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Example: 3y"” + 14y’ 4+ 8y =0

o Eigenvalues: 324+ 14\ +8 =0 Nodal Sink

4

M =—% dg=—4

e (General solutions:

y = Che~ 3t &+ Che™

e On the plane of (z1,x2) = (y,vy):

[331] — C’le_%t [ 12] +Chye™ ¥ [ 1 ]
i) —3 —4

e Initial conditions y(0) = 1,%'(0) =3

Ci1+Cy=1 N C;i =21
201 — 403 =3 Cy =—1.1



Example: 3y"” + 14y’ 4+ 8y =0

o Eigenvalues: 324+ 14\ +8 =0 Nodal Sink

4

M =—% dg=—4

e (General solutions:

y = Che~ 3t &+ Che™

e On the plane of (z1,x2) = (y,vy):

[331] — C’le_%t [ 12] +Chye™ ¥ [ 1 ]
i) —3 —4

e Initial conditions y(0) = 1,%'(0) =3
{01"_02:1 {0122.1
9 =
—301 —4C3 =3 Cy=-1.1
The solution of the I.V.P.

2

y=21e 3" —1.1e 4



Example: 3y"” + 14y’ 4+ 8y =0

o Eigenvalues: 3M\% + 14\ +8 =0
M =—% dg=—4
e General solutions:

y = Che~ 3t &+ Che™

e On the plane of (z1,x2) = (y,vy):

[331] — C’le_%t [ 12] +Chye™ ¥ [ 1 ]
i) —3 —4

Nodal Sink
4,

e Initial conditions y(0) = 1,%'(0) =3
{01"_02:1 {0122.1
9 =
—301 —4C3 =3 Cy=-1.1
The solution of the I.V.P.

2

y=21e 3" —1.1e 4

Graph of y vs t




Example: 2¢y" — 7y + 3y =0




Example: 2y — 7y +3y =0

e Eigenvalues: 2\2 —7TA+3=0
Al =15, Ao =3

DO| =




Example: 2¢y" — 7y +3y =20

e Eigenvalues: 2\2 —7TA+3=0
M =3, da=3
e (General solutions:

Y = Ciest + Cyedt
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e Eigenvalues: 2\2 —7TA+3=0
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e (General solutions:
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Example: 2y — 7y +3y =0

e Eigenvalues: 2X\2 —7TA+3 =0 Nodal Source
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e General solutions:
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Example: 2y — 7y +3y =0

e Eigenvalues: 2X\2 —7TA+3 =0 Nodal Source
A =3, A2 =3

e General solutions:

Y = Ciest + Cyedt

e On the plane of (z1,22) = (y,¥'):

[331] = (Cje2! F] + Che’! [1] N
i) 5 3
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e Initial conditions y(0) = —2,¢'(0) =1
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e Eigenvalues: 2X\2 —7TA+3 =0 Nodal Source
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e General solutions:

Y = Ciest + Cyedt

e On the plane of (z1,22) = (y,¥'):
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Example: 2¢y" — 7y + 3y =0

e Eigenvalues: 2X\2 —7TA+3 =0 Nodal Source
A =3, A2 =3

e General solutions:

Y = Ciest + Cyedt

e On the plane of (z1,22) = (y,¥'):

[331] = (Cje2! F] + Che’! [1] N
i) 5 3

N =

e Initial conditions y(0) = —2,¢'(0) =1

Ci+Cy = -2 N C;i =-2.8
%01 +3Cy =1 Co =0.8

The solution of the I.V.P.
y = —2.8¢3t + 0.8¢3



Example:

20" — Ty + 3y =0

e Ligenvalues:
M =3, da=3
e (General solutions:

Y = Ciest + Cyedt

e On the plane of (x1,x2) =

L2

N =

] = (e ] + 026375

X2 —TA+3=0

Nodal Source

(y,y'):

:

1
e Initial conditions y(0)

2
C14+Cy = —2 N
%C1+3C2:1

The solution of the I.V.P.
y = —2.8¢3t + 0.8¢3

Graphof y vs t
104

2,9(0) =1

Cp =-2.8
Cy =0.8

8_




Example: 3y" +1y —2y =0




Example: 3y +vy —2y=0

e Eigenvalues: 3X\2+\X—2=0

>\1:%7 )\2:_1




Example: 3y +vy —2y=0

e Eigenvalues: 3X\2+\X—2=0
M =2, dp=-1
e (General solutions:

Y = Cieit + Coet




Example: 3y +vy —2y=0

e Eigenvalues: 3X\2+\X—2=0
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Example: 3y +vy —2y=0

e Eigenvalues: 3\ +\A—2=0 Saddle

3
Al = %, A= —1 \/
e General solutions: P /
7 AN R 3

y = Chest + Cye?

e On the plane of (z1,22) = (y,¥'): /Z\
[3?1] = C1e3’ [%] + Core™* [ : ] N
i) 3 —1

Wb




Example: 3y +vy —2y=0

e Eigenvalues: 3\ +\A—2=0 Saddle

3
Al = %, A= —1 \/
e General solutions: P /
7 AN R 3

y = Chest + Cye?

e On the plane of (z1,22) = (y,¥'): /2\
[3?1] = C1e3’ [%] + Core™* [ : ] N
i) 3 —1

Wb

e Initial conditions y(0) = 3,4'(0) = —2



Example: 3y +vy —2y=0

N2+ A—2=0
)\1:%7 )\2:_1

e Higenvalues:

e General solutions:

Y = Cieit + Coet

e On the plane of (z1,22) = (y,¥'):

) =t g e
i) 3 —1

Wb

Saddle

e Initial conditions y(0) = 3,4'(0) = —2

Ci+Cy =3 N 0123/5
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Example: 3y +vy —2y=0

N2+ A—2=0
)\1:%7 )\2:_1

e Ligenvalues:

e General solutions:

Y = Cieit + Coet

e On the plane of (z1,22) = (y,¥'):

) =t g e
i) 3 —1

Wb

Saddle

e Initial conditions y(0) = 3,4'(0) = —2
Ci+Cy=3 C1 =3/5
{ 20y — Cy = —2 ;‘{ Cy =12/5
The solution of the I.V.P.
Yy = 0.6e3t + 2.4e7t



Example: 3y +vy —2y=0

e Eigenvalues: 3X\2+\X—2=0

3
Al = %, A= —1 \/
e General solutions: P /

Saddle

Y = Clegt + Che™t

e On the plane of (z1,22) = (y,¥'):

o) =0 g e ]
i) 3 —1

Wb

e Initial conditions y(0) = 3,4'(0) = —2

Ci+Cy =3 N 0123/5 y6
201 — Cp = =2 Cy =12/5 -

The solution of the I.V.P.

Graphof y vs t

1 2 3 4 5 6

y = 0.6e3" + 2.4et )

t



Special Properties of Phase Portraits of 2" Order Diff Egs:
« All curves in the upper half plane go to right.
« All curves in the lower half plane go to left.

« The switching occurs at the x;-intercept, incase a curve goes
across the x; axis.

3y" +14y"+8y =0 2y"—7y'4+3y=0 3y"+y =2y =0

Nodal Sink Nodal Source Saddle

A

3,

=2

=

. odal Sink odal Source
Warning: e R
id | )
The above are invalid . .
for general 2-D systems: | || T
-3 -2 - 0 2 3 -3 - - 0 2 3
dx H 1
—=A§> 2] -2
dt 3 3




Example: ¢’ +2y =0




Example: 4"+ 2y =0

e Eigenvalues: A2 + 2\ =0
A =0, \g = -2
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Example: ¢"+ 2y =0

e Eigenvalues: A2 42\ =0
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e (General solutions:

y = Cy + Cre™?

e On the plane of (z1,22) = (y,¥'):
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Example: ¢"+ 2y =0

¢ Eigenvalues: >‘2 =+ 2>‘ — 0 Attractive Line of Equilibria
A =0, Ay = 2
e General solutions:

y = Cy + Cre™?

e On the plane of (z1,22) = (y,¥'):

o) =0l e

e Initial conditions y(0) = 2,4'(0) = —2



Example: ¢"+ 2y =0

¢ Eigenvalues: >‘2 =+ 2>‘ — 0 Attractive Line of Equilibria
A =0, Ay = 2
e General solutions:

y = Cy + Cre™?

e On the plane of (z1,22) = (y,¥'):

o) =0l e

e Initial conditions y(0) = 2,4'(0) = —2

Ch+Cy =2 C;i =1
{—202:—2 ;‘{ _



Example: ¢"+ 2y =0

¢ Eigenvalues: >‘2 =+ 2>‘ — 0 Attractive Line of Equilibria
A =0, Ay = 2
e General solutions:

y = Cy + Cre™?

e On the plane of (z1,22) = (y,¥'):

o) =0l e

e Initial conditions y(0) = 2,4'(0) = —2

Ch+Cy =2 N Ch =1

The solution of the I.V.P.
y=1+e2%



Example: ¢"+ 2y =0

e Eigenvalues: A2 42\ =0
A =0, \g =—2
e (General solutions:

y = Cy + Cre™?

e On the plane of (z1,22) = (y,¥'):

o) =0l e

Attractive Line of Equilibria

e Initial conditions y(0) = 2,4'(0) = —2

Ch+Cy =2 N Ch =1
—2C9 = =2 Cy =1

The solution of the I.V.P.
y=1+e2%

Graphof y vs t




Example: ¢’ —3y =0




Example: ¢’ —3y =0

e Eigenvalues: A2 — 3\ =0
A =0, Ao =3




Example: ¢’ —3y =0

e Eigenvalues: A2 — 3\ =0
A =0, Ayg=3
e (General solutions:

y = Cy + Cae™




Example: ¢’ —3y =0

e Eigenvalues: A2 — 3\ =0
A =0, Ayg=3
e (General solutions:

y = Cy + Cae™

e On the plane of (z1,22) = (y,¥'):

o) =0l ey




Example: ¢’ —3y =0

. . 2 _
o Elgenvalues. A —=32=0 Repulsive Line of Equilibria

M =0, Ao =3

e General solutions:

y = C1 + Cae™ -3

e On the plane of (z1,22) = (y,¥'):

o) =0l ey

7]




Example: ¢’ —3y =0

e Eigenvalues: A2 — 3\ =0
A =0, Ayg=3
e (General solutions:

y = Cy + Cae™

e On the plane of (z1,22) = (y,¥'):

o) =0l ey

Repulsive Line of Equilibria

7]

e Initial conditions y(0) = —1,%'(0) =3



Example: ¢’ —3y =0

. . 2 _
o Elgenvalues. A —=32=0 Repulsive Line of Equilibria

M =0, Ao =3

e General solutions:

y = C1 + Cae™ -3

e On the plane of (z1,22) = (y,¥'):

o) =0l ey

7]

e Initial conditions y(0) = —1,%'(0) =3

C1+Cy =1 Ci = -2
{302:3 ;‘{



Example: ¢’ —3y =0

. . 2 _
o Elgenvalues. A —=32=0 Repulsive Line of Equilibria

M =0, Ao =3

e General solutions:

y = C1 + Cae™ -3

e On the plane of (z1,22) = (y,¥'):

o) =0l ey

7]

e Initial conditions y(0) = —1,%'(0) =3

C;i+Cy = -1 N Ci=-2
3C5 =3 Cy =

The solution of the I.V.P.
y=—2+4 e



Example: ¢’ —3y =0

. . 2 _
o Elgenvalues. A —=32=0 Repulsive Line of Equilibria

A =0, A =3 ///
| Y E

e General solutions:

y = Cy + Coe’t 3 f2

e On the plane of (z1,22) = (y,¥'):

o) =0l ey

Graphof y vs t
101

e Initial conditions y(0) = —1,%'(0) =3 N
Ci+Cy=-1 N Ch=-2 yi
302 =3 CQ =1 5.

The solution of the I.V.P.

Y = —2+ 63t -4-



Example: ¢" +4y =0




Example: ¢" +4y =0

e Eigenvalues: M\ +4 =0
A =21, Ag = —21




Example: " +4y =0

e Eigenvalues: M\ +4 =0
A1 =21, A\g = —21
e General solutions:

y = C1 cos(2t) + Cy sin(2t)




Example: ¢"+4y =0

e Eigenvalues: M\ +4 =0
A1 =21, A\g = —21
e General solutions:

y = C1 cos(2t) + Cy sin(2t)

Center

e On the plane of (x1,x2) = (y,9)

r1| C, cos(2t) sin(2t)
To| —2 sin( 2t 2 cos( 2t




Example: ¢"+4y =0

e Eigenvalues: M\ +4 =0
A1 =21, A\g = —21
e General solutions:

y = C1 cos(2t) + Cy sin(2t)

Center

e On the plane of (z1,22) = (y,¥'):

[ﬁj = [—(;Ossi(nQ(tQ)t)] + 0 [28222?2)]

e Initial conditions y(0) = —1,¢'(0) =1



Example: ¢"+4y =0

e Eigenvalues: M\ +4 =0
A1 =21, A\g = —21
e General solutions:

y = C1 cos(2t) + Cy sin(2t)

Center

e On the plane of (z1,22) = (y,¥'):

[ﬁj = [—(;Ossi(nQ(tQ)t)] + 0 [28222?2)

|

e Initial conditions y(0) = —1,¢'(0) =1

Ci=-1 _ [ Ci=-1
20, = 1 Cy=1/2



Example: ¢"+4y =0

e Eigenvalues: M\ +4 =0
A1 =21, A\g = —21
e General solutions:

y = C1 cos(2t) + Cy sin(2t)

Center

e On the plane of (z1,22) = (y,¥'):

[ﬁj = [—(;Ossi(nQ(tQ)t)] + 0 [28222?2)]

e Initial conditions y(0) = —1,¢'(0) =1

Cl p— —1 N Cl — _1
205 =1 Co=1/2
The solution of the initial value problem:

y = —cos(2t) + % sin(2t)




Example: ¢" +4y =0

e Eigenvalues: M\ +4 =0

Center

A1 =21, A\g = —21
e General solutions:

y = C1 cos(2t) + Cy sin(2t)

e On the plane of (z1,22) = (y,¥'):

[ﬁj = [—(;Ossi(nQ(tQ)t)] + 0 [28222?2)]

2_

e Initial conditions y(0) = —1,¢'(0) =1

Ci=-1 _ [ Ci=-1 a
20, = 1 Cy=1/2 _

Graph of y vs t

FAWAY

The solution of the initial value problem: \b

VAR

oscillation with period n

y = —cos(2t) + % sin(2t) "

and amplitude /5 /2



Phase Portrait of ay” +by' +cy=0
in the Case of Complex Eigenvalues (i.e. b*—4ac<0)

Center Spiral Sink Spiral Source
X 2’.&'? 2y

« The solution trajectories s
always rotate clockwise. f
[

L6y "+8y'+17y=0 16y"-8y'+17y=0

1,

. F; , i} 1
-2 \%y R 7 |
Phase Portrait of ay”’ +cy=0

in the Case of a Center (i.e. ac>0, b=0)

« The solution curves are ellipses that rotate clockwise.
« The symmetric axes are in the x; and x, directions.

The radius in the x, direction _
The radius in the x, direction

A

qu‘n'ng : Ce:r_1ter Spir?_l Sink SpiraI:_Szurce
N
>
A

7\
N

2 -1

The above are invalid for )22 1
general 2-D systems: ///é

(
= S Y N
Xz @ \,

Fr

I‘J ) - IJH
[
. .



Example: ¢" 4+ 4y +29y =0




Example: ¢"” + 4y + 29y = 0

e Eigenvalues: M\ 4+4X+29=0
A2 = —2=£ 51




Example: ¢"” + 4y + 29y = 0

e Eigenvalues: M\ 4+4X+29=0
AM2=—2E5
e (General solutions:

y = Cre % cos(5t) + Cre?! sin(5t)




Example: ¢"” + 4y + 29y = 0

e Eigenvalues: A2 + 4\ +29 =0 >piral Sink
Mo =—2=5i g,
e General solutions:
y = Cre % cos(5t) + Cre?! sin(5t) [ 11
-2
e On the plane of (z1,22) = (y,¥): \'3
4

1| _oy cos(5t) Y _sin(5t)
[5132] = Che [—2 cos(bt) — 5 sin(5t)] + 06 5 cos(bt) — 2 sin(5t)




Example: ¢"” + 4y + 29y = 0

e Eigenvalues: A2 + 4\ +29 =0 >piral Sink
Mo =—2=5i g,
e General solutions:
y = Cre % cos(5t) + Cre?! sin(5t) [ 11
-2
e On the plane of (z1,22) = (y,¥): \'3
4

1| _oy cos(5t) Y _sin(5t)
[5132] = Che [—2 cos(bt) — 5 sin(5t)] + 06 5 cos(bt) — 2 sin(5t)

e Initial conditions y(0) = —1,%/(0) =1



Example: ¢"” + 4y + 29y = 0

e Eigenvalues: A2 + 4\ +29 =0 >piral Sink
Mo =—2=5i g,
e General solutions:
y = Cre % cos(5t) + Cre?! sin(5t) [ 11
-2
e On the plane of (z1,22) = (y,¥): \'3
4

1| _oy cos(5t) Y _sin(5t)
[5132] = Che [—2 cos(bt) — 5 sin(5t)] + 06 5 cos(bt) — 2 sin(5t)

e Initial conditions y(0) = —1,%/(0) =1

Cy =1 [ Gi=-1
—2C7 +5C =1



Example: ¢"” + 4y + 29y = 0

e Eigenvalues: A2 + 4\ +29 =0 >piral Sink
Mo =—2=5i g,
e General solutions:
y = Cre % cos(5t) + Cre?! sin(5t) [ 11
-2
e On the plane of (z1,22) = (y,¥): \'3
4

1| _oy cos(5t) Y _sin(5t)
[5132] = Che [—2 cos(bt) — 5 sin(5t)] + 06 [5 cos(ht) — 2sin(5t)

e Initial conditions y(0) = —1,%/(0) =1

Ch=-1 Ch=-1
—
—2C1 +5Cy =1 02:—1/5

The solution of the initial value problem:

y = —e 2 cos(5t) — ze % sin(5t)



Example: ¢"” + 4y + 29y = 0

e Figenvalues: A2+ 4\ +29=0 Spiral Sink

4
AMo=—2%£b o o
e (General solutions:
y = Cre % cos(bt) + Cye 2 sin(5t) il le 1
-2
e On the plane of (z1,22) = (y,v): \_3
4

[””1]:016—% [_QCOS(COSW) ]+ 026_%[ sin(5¢) ]

Ts 5t) — 5sin(5t) 5 cos(bt) — 2 sin(5t)

Graph of y vs t

e Initial conditions y(0) = —1,%/(0) =1
Ch=-1 _ Cp = -1
—2C7 +5C =1 02:—1/5 | e
The solution of the initial value problem: \ / .

oscillatory decay

y = —e 2 cos(5t) — ze % sin(5t)

R



Example: ¢ —2¢y +17y =0




Example: ¢ —2¢y +17y =0

e Eigenvalues: M\ —2\+17=0

M =1+4
Ay =1—4




Example: ¢ —2¢y +17y =0

e Eigenvalues: M\ —2\+17=0

M =1+42
A =1—41

e (General solutions:

y = (et cos(4t)
+ Cqe’ sin(4t)




Example: ¢ —2¢y +17y =0

Spiral Source

e Eigenvalues: M\ —2\+17=0 /2
)\1 — 1 —|— 42 X, .
Ao =1—41 /”\
. | | \
e (General solutions: 5 i

y = C1e! cos(4t)
+ Coel sin(4t)




Example: ¢ —2¢y +17y =0

Spiral Source

e Eigenvalues: M\ —2\+17=0 /2
)\1 — 1 —|— 42 X, .
Ao =1—41 /”\
. | | \
e (General solutions: 5 i
y = Cie’ cos(4t) B ’
+ Coel sin(4t)

e Initial conditions y(0) = —0.05,%/(0) = 0.1
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C7+4C5 =0.1 Coy = 0.0375

The solution of the initial value problem:
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Graph of y vs t

1 oscillatory growth
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A1 = Ay = —3/2

e (General solutions:
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Graph of y vs t

e Initial conditions y(0) = —1,¢'(0) = _% 5
Cl = —1 N Cl — 1 le-
%014—02:—% ngl N
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w (or, Linear Motion with
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