Transfer Function.
Impulse Response.



Example. Solve a General Nonhomogeneous Linear Problem
() 2y +9y' O +4y@®) =f1), vy =y, y'(0)=y.

Solution:
Impulse Response Problem 2h"(t) + 9h(t) + 4h(t) = &§(t), h(0) =0, h'(0) = 0.
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Example. Solve a General Nonhomogeneous Linear Problem
() 2y"@O+9%' O +4y@®) =f©, yO0) =y, y'(0)=y.

Solution:
Impulse Response Problem 2h"(t) + 9h(t) + 4h(t) = &§(t), h(0) =0, h'(0) = 0.

Solution in the s-domain [Transfer Function]: 2s?H(s) + 9sH(s) + 4H(s) = 1

B 1 _ 1 _1/7 —1/7
= H(s) = 25249s+4  (2s+1)(s+4)  s+1/2 t

Solution in the t-domain [Impulse Response]:
t

R(t) = L7YH(s)} =22 — e

General Response Problem ()

5 2[s2Y(s) - 50 = 7]+ 9s¥(5) = yol +47(5) = Fs),

Y(s) = 252+9S+4 [2y1 + 9y + 2syo + F(s)] = (2y1 + 9y0) H(s) + 2yosH (s) + H(s)F (s).
L—> y(t) = 2Qy; + 9yg)h(t) + 2yh'(t) + (A= f)(t) = yc(t) + y,(t), isthe “Total Response”
y(t)—(2y1+9y0)l e 2—;8 4tl+2y0l—1—14e 2+ e j l —4=0) | £()dr,

where y.(t) = (2y1 + 9yo)h(t) + 2yoh'(t)
is the “Free Response” satisfying 2y, (t) + 9y.(t) + 4y.(t) =0, y.(0) = yo, y:(0) =4,

Yp(t) = (h* f)(¢)
is the “Forced Response” satisfying 2y, (t) + 9y, (t) + 4y, (t) = f(t), ¥,(0) =0, y,(0) = 0.



Impulse Response Problem a,h" (t) + a;h(t) + agh(t) = 6(t), h(0) =0, h'(0) = 0.

Solution in the s-domain:  a,s?H(s) + a;sH(s) + agH(s) = 1

> H(s) = ——

a,s?+aq,s+ag

[Transfer Function]

Solution in the t-domain:
h(t) = L7Y{H(s)} [Impulse Response]

General Response Problem (x) a,y' (t) + a;y(t) + agy(t) = f(t), y(0) =y, y'(0) = y;.

ﬁ’ az[s?Y (s) — syo — y1l + a1[sY(s) — yol + ag¥ (s) = F(s),

1
Y(s) = la,y; + a1y + azyos + F(s)]

a,s?+as+ag

= (azy1 + a1y0)H(s) + ayyosH(s) + H(s)F(s).

L—l

— “Total Response”:  y(t) = (a,y; + a;yy)h(t) + a,yoh'(t) + (h* f)(t) = y.(t)

where
“Free Response”:  y.(t) = (ayy; + a1yo)h(t) + a,y h'(t) satisfies

azy (t) + ay:(t) + apy:(t) =0, ¥c(0) = yo, ¥:(0) =y,
“Forced Response”: y,(t) = (h = f)(t) = foth(t —1)f(t)dt satisfies

az2yp (£) + a1¥p(t) + aoy,(t) = f(t), ¥,(0) =0, ¥,(0) =0.

+ yp (1),
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y(0) =y, ¥'(0)=»
Solution in the s-domain: Y(s) = Y (s) + Y, (s)
Solution in the t-domain: y(t) = y.(t) + y, (t)
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General Nonhomogeneous Problem (Total Response)
{azy”(t) +a,y' () + apy(t) = f(t)
y0) =y, ¥'(0) =y

Free Response Problem Forced Response Problem
(12 (o Lae 0¥ feyt) =0 a2y (6) + 013, (8) + aop(8) = F(©)
Ye(0) =yo, ¥ (0) =y { y,(0) =0, ,/(0)=0
Solution in the s-domain: Solution in the s-domain:
Yo(s) = (a2y1 + a1y0)H(s) + ayyosH(s) Vp(s) = H(s)F(s)
Solution in the t-domain [Free Response]: Solution in the t-domain [Forced Response]:
Ye(t) = (@2y1 + a1yo)h(0) + azyoh' (1) y,(6) = (h* F)(©) = [, h(t — 1) f()de

Impulse Response Problem
{azh”(t) + a.h'(t) + agh(t) = 6(t)
h(0) =0, h'(0) =0
Solution in the s-domain [Transfer Function]:

1
H(S)  a,s?+aqs+ag
Solution in the t-domain [Impulse Response]:

h(t) = L7HH(s)}




General Nonhomogeneous Problem (Total Response)
{azy”(t) +a;y' () + apgy(t) = f(t)
y(0) = yo,
Solution in the s-domain: Y(s) = Y.(s) + Y}, (s)
Solution in the t-domain: y(t) = y.(t) + y, (t)

y'(0) =y,

Free Response Problem
{aZYC”(t) + a1y (t) + apy:(t) =0
yc(o) = Yo, YC,(O) 4|
Solution in the s-domain:

Yo(s) = (azy1 + a1¥0)H(s) + azyosH(s)
Solution in the t-domain [Free Response]:

Ve (t) = (ay1 + a1Y0)h(t) + azyoh'(t)

Forced Response Problem
{azyp”(t) + a1y, () + apyp(t) = (1)

Yp (0) =0, yp’(o) =0
Solution in the s-domain:

Y,(s) = H(s)F(s)
Solution in the t-domain [Forced Response]:

yp(0) = (h* ))(®) = [y h(t =) fD)dr

h(0) =0,

1
a,s?+a,s+ag

H(s) =

h(t) = L7H{H(s)}

Impulse Response Problem
{azh”(t) + a,h'(t) + agh(t) = 6(t)

Solution in the s-domain [Transfer Function]:

Solution in the t-domain [Impulse Response]:

h'(0) =0
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Example. Solve a General Nonhomogeneous Linear Problem
() 4y"(©) +12y"(0) + 25y(8) = f(t), y(0) = yo, y'(0) = y;.

Solution:
Impulse Response Problem 4h''(t) + 12h(t) + 25h(t) = 6(t), h(0) =0, A'(0) = 0.

L
—  4s’H(s) + 12sH(s) + 25H(s) = 1

1 1 1
[Transfer Function] H(s) = —; = = — -
45-+125+25 4(52+35+T) 4

= 3t

—>  [Impulse Response] h(t) = L7HH(s)} = %e_ 2 sin(2t)

General Response Problem ()
L
> 4[s?Y(s) — sy — y1] + 12[sY(s) — yol + 25Y(s) = F(s),

1
_1Y(S) = T Ziize12s [4y, + 12y¢ + 4yos + F(s)] = (4y; + 12yy)H(s) + 4yysH(s) + H(s)F(s).

— y(t) = (4y; + 12y)h(t) + 4yoh' (1) + (h=f)(t) =y.(&) + y,(E)

3t

3 3
= (4y; + 12y,) ée_7 sin(2t) +4y, |— 1166_? sin(2t) + %e_ﬁt cos(2t)

3(t—71)

+ fot %e_Tsin 2(t — 1) f(v)dr,



Example. Find a particular solution of

=) y"(®)—2y'(6) +y(t) =

t

t24+1°

Solution 1: Variation of Parameters

Solution 2: Use £, £~ and Convolution

Transfer Function H(s)
Impulse Response h(t) = L7H{H(s)}

The Forced Response is a particular solution of the nonhomogeneous equation:

t
V() = (h* f)(t) = f h(t —1) f(D)dt
0



Example. Find a particular solution of

=) y"(®)—2y'(6) +y(t) =

t

t24+1°

Solution 1: Variation of Parameters

Solution 2: Use £, £~ and Convolution
_ 1
s2-2s+1  (s—1)2

Transfer Function H(s) =

Impulse Response h(t) = L7YH(s)} = L {(5_11)2} = tet

The Forced Response is a particular solution of the nonhomogeneous equation:

eT

T2 +1

t t
Yo = (h* F)(©) = f h(t — 1) f(D)dr = j (t — 1)et~ ir
0 0



Example. Find a particular solution of

=) y"(®)—2y'(6) +y(t) =

t

t24+1°

Solution 1: Variation of Parameters

Solution 2: Use £, £~ and Convolution
_ 1
s2-2s+1  (s—1)2

Transfer Function H(s) =

Impulse Response h(t) = L7YH(s)} = L {(5_11)2} = tet

The Forced Response is a particular solution of the nonhomogeneous equation:

T

t t
e
= = — — — t—t
yp(t) (h = f)(t) fo h(t — 1) f(r)dt jo (t—1)e 1 dt
B Jt(t —T)etd B Jt tet Tet p
), 2+ T \eryr )"
t tet tet 1 T=t
_ _ _ |4t Tt 2
= JO <T2 R 1) drt [te arctant — e In(z° + 1) .

= t _1 t 2
te' arctant 5 € In(t + 1)




Example. Find a particular solution of

1
(x) Y —y) =

cosh(t)

Solution 1: Variation of Parameters

Solution 2: Use £, £~ and Convolution

Transfer Function H(s)
Impulse Response h(t) = L7H{H(s)}:

The Forced Response is a particular solution of the nonhomogeneous equation:

t
Yo(®) = (h* F)(©) = f Rt — 1) f(D)de
0



Example. Find a particular solution of
1
* ") —y() =——x.
() y"'(@)—y(@) cosh(D)
Solution 1: Variation of Parameters
Solution 2: Use £, £~ and Convolution
1 1/2 1/2
Transfer Function H(s) = 50— = /2 _ 1/ :
s<—1 s—1 s+1

Impulse Response h(t) = L7HH(s)} = %et — %e‘t = sinh(t).

The Forced Response is a particular solution of the nonhomogeneous equation:

t t
yp(t) = (h=f)() = f h(t — 1) f(r)dt = j sinh(t — 1) dt
0 0

cosh(7)



Example. Find a particular solution of

(x) Y —y) =

1

cosh(t)

Solution 1: Variation of Parameters

Solution 2: Use £, £~ and Convolution
1/2

1/2

Transfer Function H(s) = 50— =
s“—1 s—1

s+1

Impulse Response h(t) = L7HH(s)} = %et — %e‘t = sinh(t).

The Forced Response is a particular solution of the nonhomogeneous equation:

t t 1
(®) = (s O = | 1t =) f@dr = [ sinh(e 1) s

=
i ft | ) sinh(7)
=) [smh(t) cosh(t) cosh(7)

—

= t sinh(t) — cosh(t) [ln(cosh T):

= tsinh(t) — cosh(t) In (cosht)

= rt[sinh(t) cosh(7) — cosh(t) sinh(7)]

drt

dt

cosh(7)

S————  Substitute
dt

We have

cosh(0) =

v = cosh(7).
dv = sinh(7)dr.

el + e~




