
Transfer Function. 
Impulse Response. 



Example. Solve a General Nonhomogeneous Linear Problem 
 

∗       2𝑦′′ 𝑡 + 9𝑦′ 𝑡 + 4𝑦 𝑡 = 𝑓 𝑡 , 𝑦 0 = 𝑦0, 𝑦′ 0 = 𝑦1. 

Solution: 
Impulse Response Problem     2ℎ′′ 𝑡 + 9ℎ 𝑡 + 4ℎ 𝑡 = 𝛿 𝑡 ,  ℎ 0 = 0,  ℎ′ 0 = 0.  
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Example. Solve a General Nonhomogeneous Linear Problem 
 

∗       2𝑦′′ 𝑡 + 9𝑦′ 𝑡 + 4𝑦 𝑡 = 𝑓 𝑡 , 𝑦 0 = 𝑦0, 𝑦′ 0 = 𝑦1. 
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⇒ 𝐻 𝑠 =
1

2𝑠2+9𝑠+4
 =

1

(2s+1)(s+4)
=

1/7

𝑠+1/2
+

−1/7

𝑠+4
 

 

             Solution in the t-domain [Impulse Response]: 

    ℎ 𝑡 = 𝓛−1 𝐻 𝑠  =
1

7
𝑒− 

𝑡

2 −
1

7
𝑒−4𝑡 

General Response Problem ∗  
 

 
ℒ
    2 𝑠2𝑌 𝑠 − 𝑠𝑦0 − 𝑦1 + 9 𝑠𝑌 𝑠 − 𝑦0 + 4𝑌 𝑠 = 𝐹 𝑠 , 

 

         𝑌 𝑠 =
1

2𝑠2+9𝑠+4
2𝑦1 + 9𝑦0 + 2𝑠𝑦0 + 𝐹(𝑠) = 2𝑦1 + 9𝑦0 𝐻 𝑠 + 2𝑦0𝑠𝐻 𝑠 + 𝐻 𝑠 𝐹(𝑠). 

 
ℒ−1

  𝑦 𝑡 = 2𝑦1 + 9𝑦0 ℎ 𝑡 + 2𝑦0ℎ
′ 𝑡     + ℎ ∗ 𝑓 𝑡 = 𝑦𝑐 𝑡    + 𝑦𝑝(𝑡),   is the “Total Response” 

 

      𝑦 𝑡 = 2𝑦1 + 9𝑦0  
1

7
𝑒
− 

𝑡
2 −

1

7
𝑒−4𝑡  + 2𝑦0  −

1

14
𝑒
− 

𝑡
2 +

4

7
𝑒−4𝑡      +   

1

7
𝑒
− 
𝑡−𝜏
2 −

1

7
𝑒−4 𝑡−𝜏  𝑓 𝜏 𝑑𝜏

𝑡

0

, 

 where 𝑦𝑐 𝑡 = 2𝑦1 + 9𝑦0 ℎ 𝑡 + 2𝑦0ℎ
′ 𝑡  

    is the “Free Response” satisfying          2𝑦𝑐
′′ 𝑡 + 9𝑦𝑐

′ 𝑡 + 4𝑦𝑐(𝑡) = 0,  𝑦𝑐 0 = 𝑦0, 𝑦𝑐
′ 0 = 𝑦1, 

           𝑦𝑝 𝑡 = ℎ ∗ 𝑓 𝑡  
  is the “Forced Response” satisfying      2𝑦𝑝

′′(𝑡) + 9𝑦𝑝
′(𝑡) + 4𝑦𝑝(𝑡) = 𝑓(𝑡), 𝑦𝑝 0 = 0, 𝑦𝑝

′ 0 = 0. 



Impulse Response Problem           𝑎2ℎ
′′ 𝑡 + 𝑎1ℎ 𝑡 + 𝑎0ℎ 𝑡 = 𝛿 𝑡 ,  ℎ 0 = 0,  ℎ′ 0 = 0.  

 

          Solution in the s-domain:     𝑎2𝑠
2𝐻 𝑠 + 𝑎1𝑠𝐻 𝑠 + 𝑎0𝐻 𝑠 = 1 

 

⇒ 𝐻 𝑠 =
1

𝑎2𝑠
2+𝑎1𝑠+𝑎0

       [Transfer Function] 
 

          Solution in the t-domain: 
 

      ℎ 𝑡 = 𝓛−1 𝐻 𝑠              [Impulse Response] 

General Response Problem ∗    𝑎2𝑦
′′ 𝑡 + 𝑎1𝑦 𝑡 + 𝑎0𝑦 𝑡 = 𝑓 𝑡 ,  𝑦 0 = 𝑦0,  𝑦

′ 0 = 𝑦1. 
  
 

 
ℒ
    𝑎2 𝑠2𝑌 𝑠 − 𝑠𝑦0 − 𝑦1 + 𝑎1 𝑠𝑌 𝑠 − 𝑦0 + 𝑎0𝑌 𝑠 = 𝐹 𝑠 , 

 
 

         𝑌 𝑠 =
1

𝑎2𝑠2+𝑎1𝑠+𝑎0
𝑎2𝑦1 + 𝑎1𝑦0 + 𝑎2𝑦0𝑠 + 𝐹(𝑠)  

 

                   = 𝑎2𝑦1 + 𝑎1𝑦0 𝐻 𝑠 + 𝑎2𝑦0𝑠𝐻 𝑠 + 𝐻 𝑠 𝐹(𝑠). 
 

 
ℒ−1

  “Total Response”:       𝑦 𝑡 = 𝑎2𝑦1 + 𝑎1𝑦0 ℎ 𝑡  + 𝑎2𝑦0ℎ
′ 𝑡    + ℎ ∗ 𝑓 𝑡 = 𝑦𝑐 𝑡    + 𝑦𝑝(𝑡),  

 

 where 
    “Free Response”:       𝑦𝑐 𝑡 = 𝑎2𝑦1 + 𝑎1𝑦0 ℎ 𝑡  + 𝑎2𝑦0ℎ

′ 𝑡    satisfies 
 

                                         𝑎2𝑦𝑐
′′ 𝑡 + 𝑎1𝑦𝑐

′ 𝑡 + 𝑎0𝑦𝑐(𝑡) = 0,          𝑦𝑐 0 = 𝑦0, 𝑦𝑐
′ 0 = 𝑦1, 

 “Forced Response”:   𝑦𝑝 𝑡 = ℎ ∗ 𝑓 𝑡 =  ℎ(𝑡 − 𝜏)𝑓 𝜏 𝑑𝜏
𝑡

0
     satisfies 

 

                                        𝑎2𝑦𝑝
′′(𝑡) + 𝑎1𝑦𝑝

′(𝑡) + 𝑎0𝑦𝑝(𝑡) = 𝑓(𝑡),   𝑦𝑝 0 = 0,   𝑦𝑝
′ 0 = 0. 



General Nonhomogeneous Problem (Total Response) 

 
𝑎2𝑦

′′(𝑡) + 𝑎1𝑦
′(𝑡) + 𝑎0𝑦(𝑡) = 𝑓(𝑡)

𝑦 0 = 𝑦0, 𝑦′ 0 = 𝑦1
 

 

Solution in the 𝑠-domain:  𝑌 𝑠 = 𝑌𝑐 s + 𝑌𝑝(𝑠) 

Solution in the 𝑡-domain:  𝑦 𝑡 = 𝑦𝑐(𝑡) + 𝑦𝑝(𝑡) 



Impulse Response Problem 

 
𝑎2ℎ

′′(𝑡) + 𝑎1ℎ
′(𝑡) + 𝑎0ℎ(𝑡) = 𝛿(𝑡)

ℎ 0 = 0, ℎ′ 0 = 0
 

Solution in the s-domain [Transfer Function]: 

 𝐻 𝑠 =
1

𝑎2𝑠
2+𝑎1𝑠+𝑎0

 

Solution in the t-domain [Impulse Response]: 
 ℎ 𝑡 = 𝓛−1 𝐻 𝑠  

General Nonhomogeneous Problem (Total Response) 

 
𝑎2𝑦

′′(𝑡) + 𝑎1𝑦
′(𝑡) + 𝑎0𝑦(𝑡) = 𝑓(𝑡)

𝑦 0 = 𝑦0, 𝑦′ 0 = 𝑦1
 

 

Solution in the 𝑠-domain:  𝑌 𝑠 = 𝑌𝑐 s + 𝑌𝑝(𝑠) 

Solution in the 𝑡-domain:  𝑦 𝑡 = 𝑦𝑐(𝑡) + 𝑦𝑝(𝑡) 



Free Response Problem 

 
𝑎2𝑦𝑐

′′(𝑡) + 𝑎1𝑦𝑐
′(𝑡) + 𝑎0𝑦𝑐(𝑡) = 0

𝑦𝑐 0 = 𝑦0, 𝑦𝑐′ 0 = 𝑦1
 

 

Solution in the s-domain:  
 𝑌𝑐 𝑠 = (𝑎2𝑦1 + 𝑎1𝑦0)𝐻 𝑠 + 𝑎2𝑦0𝑠𝐻 𝑠  
Solution in the t-domain [Free Response]:  
 𝑦𝑐 𝑡 = (𝑎2𝑦1 + 𝑎1𝑦0)ℎ(𝑡) + 𝑎2𝑦0ℎ′(𝑡) 

Forced Response Problem 

 
𝑎2𝑦𝑝

′′(𝑡) + 𝑎1𝑦𝑝
′(𝑡) + 𝑎0𝑦𝑝(𝑡) = 𝑓(𝑡)

𝑦𝑝 0 = 0, 𝑦𝑝′ 0 = 0
 

Solution in the s-domain:  
 𝑌𝑝 𝑠 = 𝐻 𝑠 𝐹(𝑠) 

Solution in the t-domain [Forced Response]:  

 𝑦𝑝 𝑡 = (ℎ ∗ 𝑓) 𝑡 =  ℎ(𝑡 − 𝜏) 𝑓 𝜏 𝑑𝜏
𝑡

0
 

Impulse Response Problem 

 
𝑎2ℎ

′′(𝑡) + 𝑎1ℎ
′(𝑡) + 𝑎0ℎ(𝑡) = 𝛿(𝑡)

ℎ 0 = 0, ℎ′ 0 = 0
 

Solution in the s-domain [Transfer Function]: 

 𝐻 𝑠 =
1

𝑎2𝑠
2+𝑎1𝑠+𝑎0

 

Solution in the t-domain [Impulse Response]: 
 ℎ 𝑡 = 𝓛−1 𝐻 𝑠  

General Nonhomogeneous Problem (Total Response) 

 
𝑎2𝑦

′′(𝑡) + 𝑎1𝑦
′(𝑡) + 𝑎0𝑦(𝑡) = 𝑓(𝑡)

𝑦 0 = 𝑦0, 𝑦′ 0 = 𝑦1
 

 

 
 



General Nonhomogeneous Problem (Total Response) 

 
𝑎2𝑦

′′(𝑡) + 𝑎1𝑦
′(𝑡) + 𝑎0𝑦(𝑡) = 𝑓(𝑡)

𝑦 0 = 𝑦0, 𝑦′ 0 = 𝑦1
 

 

Solution in the 𝑠-domain:  𝑌 𝑠 = 𝑌𝑐 s + 𝑌𝑝(𝑠) 

Solution in the 𝑡-domain:  𝑦 𝑡 = 𝑦𝑐(𝑡) + 𝑦𝑝(𝑡) 

Free Response Problem 

 
𝑎2𝑦𝑐

′′(𝑡) + 𝑎1𝑦𝑐
′(𝑡) + 𝑎0𝑦𝑐(𝑡) = 0

𝑦𝑐 0 = 𝑦0, 𝑦𝑐′ 0 = 𝑦1
 

 

Solution in the s-domain:  
 𝑌𝑐 𝑠 = (𝑎2𝑦1 + 𝑎1𝑦0)𝐻 𝑠 + 𝑎2𝑦0𝑠𝐻 𝑠  
Solution in the t-domain [Free Response]:  
 𝑦𝑐 𝑡 = (𝑎2𝑦1 + 𝑎1𝑦0)ℎ(𝑡) + 𝑎2𝑦0ℎ′(𝑡) 

Forced Response Problem 

 
𝑎2𝑦𝑝

′′(𝑡) + 𝑎1𝑦𝑝
′(𝑡) + 𝑎0𝑦𝑝(𝑡) = 𝑓(𝑡)

𝑦𝑝 0 = 0, 𝑦𝑝′ 0 = 0
 

Solution in the s-domain:  
 𝑌𝑝 𝑠 = 𝐻 𝑠 𝐹(𝑠) 

Solution in the t-domain [Forced Response]:  

 𝑦𝑝 𝑡 = (ℎ ∗ 𝑓) 𝑡 =  ℎ(𝑡 − 𝜏) 𝑓 𝜏 𝑑𝜏
𝑡

0
 

Impulse Response Problem 

 
𝑎2ℎ

′′(𝑡) + 𝑎1ℎ
′(𝑡) + 𝑎0ℎ(𝑡) = 𝛿(𝑡)

ℎ 0 = 0, ℎ′ 0 = 0
 

Solution in the s-domain [Transfer Function]: 

 𝐻 𝑠 =
1

𝑎2𝑠
2+𝑎1𝑠+𝑎0

 

Solution in the t-domain [Impulse Response]: 
 ℎ 𝑡 = 𝓛−1 𝐻 𝑠  



Example. Solve a General Nonhomogeneous Linear Problem 
 

 ∗         4𝑦′′ 𝑡 + 12𝑦′ 𝑡 + 25𝑦 𝑡 = 𝑓 𝑡 , 𝑦 0 = 𝑦0, 𝑦
′ 0 = 𝑦1. 

Solution: 



Example. Solve a General Nonhomogeneous Linear Problem 
 

 ∗         4𝑦′′ 𝑡 + 12𝑦′ 𝑡 + 25𝑦 𝑡 = 𝑓 𝑡 , 𝑦 0 = 𝑦0, 𝑦
′ 0 = 𝑦1. 

Solution: 
Impulse Response Problem 
 

 
ℒ
  

 

            [Transfer Function]     𝐻 𝑠 =  
1

4𝑠2+12𝑠+25
  =  

1

4(𝑠2+3𝑠+
25

4
)
 =  

1

4
⋅

1

𝑠+
3

2

2
+4

     

ℒ−1

      [Impulse Response]     ℎ 𝑡 = 𝓛−1 𝐻 𝑠  =
1

4
𝑒− 

3𝑡

2 sin(2𝑡) 

General Response Problem ∗  
 

 
ℒ
  

 

      𝑌 𝑠 = 
1

4𝑠2+12𝑠+25
  4𝑦1 + 12𝑦0 + 4𝑦0𝑠 + 𝐹(𝑠) = 4𝑦1 + 12𝑦0 𝐻 𝑠 + 4𝑦0𝑠𝐻 𝑠 + 𝐻 𝑠 𝐹(𝑠). 

 
ℒ−1

  𝑦 𝑡  expressed in terms of ℎ 𝑡  

expressed in terms of 𝐻 𝑠   
 



Example. Solve a General Nonhomogeneous Linear Problem 
 

 ∗         4𝑦′′ 𝑡 + 12𝑦′ 𝑡 + 25𝑦 𝑡 = 𝑓 𝑡 , 𝑦 0 = 𝑦0, 𝑦
′ 0 = 𝑦1. 

Solution: 
Impulse Response Problem     4ℎ′′ 𝑡 + 12ℎ 𝑡 + 25ℎ 𝑡 = 𝛿 𝑡 ,  ℎ 0 = 0,  ℎ′ 0 = 0.  
 

 
ℒ
        4𝑠2𝐻 𝑠 + 12𝑠𝐻 𝑠 + 25𝐻 𝑠 = 1 

 

            [Transfer Function]     𝐻 𝑠 =  
1

4𝑠2+12𝑠+25
  =  

1

4(𝑠2+3𝑠+
25

4
)
 =  

1

4
⋅

1

𝑠+
3

2

2
+4

 

ℒ−1

      [Impulse Response]     ℎ 𝑡 = 𝓛−1 𝐻 𝑠  =
1

8
𝑒− 

3𝑡

2 sin(2𝑡) 

General Response Problem ∗  
 

 
ℒ
  

 

      𝑌 𝑠 = 
1

4𝑠2+12𝑠+25
  4𝑦1 + 12𝑦0 + 4𝑦0𝑠 + 𝐹(𝑠) = 4𝑦1 + 12𝑦0 𝐻 𝑠 + 4𝑦0𝑠𝐻 𝑠 + 𝐻 𝑠 𝐹(𝑠). 

 
ℒ−1

  𝑦 𝑡  expressed in terms of ℎ 𝑡  

expressed in terms of 𝐻 𝑠   
 



Example. Solve a General Nonhomogeneous Linear Problem 
 

 ∗         4𝑦′′ 𝑡 + 12𝑦′ 𝑡 + 25𝑦 𝑡 = 𝑓 𝑡 , 𝑦 0 = 𝑦0, 𝑦
′ 0 = 𝑦1. 

Solution: 
Impulse Response Problem     4ℎ′′ 𝑡 + 12ℎ 𝑡 + 25ℎ 𝑡 = 𝛿 𝑡 ,  ℎ 0 = 0,  ℎ′ 0 = 0.  
 

 
ℒ
        4𝑠2𝐻 𝑠 + 12𝑠𝐻 𝑠 + 25𝐻 𝑠 = 1 

 

            [Transfer Function]     𝐻 𝑠 =  
1

4𝑠2+12𝑠+25
  =  

1

4(𝑠2+3𝑠+
25

4
)
 =  

1

4
⋅

1

𝑠+
3

2

2
+4

 

ℒ−1

      [Impulse Response]     ℎ 𝑡 = 𝓛−1 𝐻 𝑠  =
1

8
𝑒− 

3𝑡

2 sin(2𝑡) 

General Response Problem ∗  
 

 
ℒ
    4 𝑠2𝑌 𝑠 − 𝑠𝑦0 − 𝑦1 + 12 𝑠𝑌 𝑠 − 𝑦0 + 25𝑌 𝑠 = 𝐹 𝑠 , 

 

      𝑌 𝑠 = 
1

4𝑠2+12𝑠+25
  4𝑦1 + 12𝑦0 + 4𝑦0𝑠 + 𝐹(𝑠) = 4𝑦1 + 12𝑦0 𝐻 𝑠 + 4𝑦0𝑠𝐻 𝑠 + 𝐻 𝑠 𝐹(𝑠). 

 
ℒ−1

  𝑦 𝑡 = 4𝑦1 + 12𝑦0 ℎ 𝑡 + 4𝑦0ℎ
′ 𝑡     + ℎ ∗ 𝑓 𝑡 = 𝑦𝑐 𝑡    + 𝑦𝑝(𝑡) 

  

                      = 4𝑦1 + 12𝑦0  
1

8
𝑒− 

3𝑡

2 sin(2𝑡)  +4𝑦0 − 
3

16
𝑒−

3

2
𝑡 sin 2𝑡 +

1

4
𝑒−

3

2
𝑡 cos(2𝑡)  

 

                       +   
1

8
𝑒− 

3(𝑡−𝜏)

2 sin 2 𝑡 − 𝜏 𝑓 𝜏 𝑑𝜏
𝑡

0
, 



Example. Find a particular solution of 

∗         𝑦′′ 𝑡 − 2𝑦′ 𝑡 + 𝑦 𝑡 =
𝑒𝑡

𝑡2 + 1
. 

Solution 1: Variation of Parameters 
 

Solution 2: Use ℒ, ℒ−1 and Convolution 
 

      Transfer Function     𝐻 𝑠 =  
1

𝑠2−2𝑠+1
  =  

1

𝑠−1 2          

 

      Impulse Response    ℎ 𝑡 = 𝓛−1 𝐻 𝑠  = 𝓛−1 1

𝑠−1 2  = 𝑡𝑒𝑡 

The Forced Response is a particular solution of the nonhomogeneous equation: 
 

𝑦𝑝 𝑡 = ℎ ∗ 𝑓 𝑡 =  ℎ 𝑡 − 𝜏  𝑓 𝜏 𝑑𝜏
𝑡

0

=  𝑡 − 𝜏 𝑒𝑡−𝜏
𝑡

0

 
𝑒𝜏

𝜏2 + 1
𝑑𝜏 



Example. Find a particular solution of 

∗         𝑦′′ 𝑡 − 2𝑦′ 𝑡 + 𝑦 𝑡 =
𝑒𝑡

𝑡2 + 1
. 

Solution 1: Variation of Parameters 
 

Solution 2: Use ℒ, ℒ−1 and Convolution 
 

      Transfer Function     𝐻 𝑠 =  
1

𝑠2−2𝑠+1
  =  

1

𝑠−1 2          

 

      Impulse Response    ℎ 𝑡 = 𝓛−1 𝐻 𝑠  = 𝓛−1 1

𝑠−1 2  = 𝑡𝑒𝑡 

The Forced Response is a particular solution of the nonhomogeneous equation: 
 

𝑦𝑝 𝑡 = ℎ ∗ 𝑓 𝑡 =  ℎ 𝑡 − 𝜏  𝑓 𝜏 𝑑𝜏
𝑡

0

=  𝑡 − 𝜏 𝑒𝑡−𝜏
𝑡

0

 
𝑒𝜏

𝜏2 + 1
𝑑𝜏 



Example. Find a particular solution of 

∗         𝑦′′ 𝑡 − 2𝑦′ 𝑡 + 𝑦 𝑡 =
𝑒𝑡

𝑡2 + 1
. 

Solution 1: Variation of Parameters 
 

Solution 2: Use ℒ, ℒ−1 and Convolution 
 

      Transfer Function     𝐻 𝑠 =  
1

𝑠2−2𝑠+1
  =  

1

𝑠−1 2 
 

      Impulse Response    ℎ 𝑡 = 𝓛−1 𝐻 𝑠  = 𝓛−1 1

𝑠−1 2  = 𝑡𝑒𝑡 

The Forced Response is a particular solution of the nonhomogeneous equation: 
 

=  
𝑡 − 𝜏 𝑒𝑡

𝜏2 + 1
𝑑𝜏

𝑡

0

=  
𝑡𝑒𝑡

𝜏2 + 1
−

𝜏𝑒𝑡

𝜏2 + 1
𝑑𝜏

𝑡

0

 

=  
𝑡𝑒𝑡

𝜏2 + 1
−

𝜏𝑒𝑡

𝜏2 + 1
𝑑𝜏 = 𝑡𝑒𝑡 arctan 𝜏 −

1

2
𝑒𝑡 ln 𝜏2 + 1

𝜏=0

𝜏=𝑡𝑡

0

 

𝑦𝑝 𝑡 = ℎ ∗ 𝑓 𝑡 =  ℎ 𝑡 − 𝜏  𝑓 𝜏 𝑑𝜏
𝑡

0

=  𝑡 − 𝜏 𝑒𝑡−𝜏
𝑡

0

 
𝑒𝜏

𝜏2 + 1
𝑑𝜏 

= 𝑡𝑒𝑡 arctan 𝑡 −
1

2
𝑒𝑡 ln 𝑡2 + 1  



Example. Find a particular solution of 

∗         𝑦′′ 𝑡 − 𝑦 𝑡 =
1

cosh(𝑡)
. 

Solution 1: Variation of Parameters 
 

Solution 2: Use ℒ, ℒ−1 and Convolution 
 

      Transfer Function     𝐻 𝑠 =  
1

𝑠2−1
  = 

  1/2  

𝑠−1
 − 

  1/2  

𝑠−1
. 

 

      Impulse Response    ℎ 𝑡 = 𝓛−1 𝐻 𝑠  =
1

2
𝑒𝑡 −

1

2
𝑒−𝑡 = sinh 𝑡 . 

The Forced Response is a particular solution of the nonhomogeneous equation: 
 

𝑦𝑝 𝑡 = ℎ ∗ 𝑓 𝑡 =  ℎ 𝑡 − 𝜏  𝑓 𝜏 𝑑𝜏
𝑡

0

=  sinh(𝑡 − 𝜏)
𝑡

0

 
1

cosh(𝜏)
𝑑𝜏 



Example. Find a particular solution of 

∗         𝑦′′ 𝑡 − 𝑦 𝑡 =
1

cosh(𝑡)
. 

The Forced Response is a particular solution of the nonhomogeneous equation: 
 

𝑦𝑝 𝑡 = ℎ ∗ 𝑓 𝑡 =  ℎ 𝑡 − 𝜏  𝑓 𝜏 𝑑𝜏
𝑡

0

=  sinh(𝑡 − 𝜏)
𝑡

0

 
1

cosh(𝜏)
𝑑𝜏 

Solution 1: Variation of Parameters 
 

Solution 2: Use ℒ, ℒ−1 and Convolution 
 

      Transfer Function     𝐻 𝑠 =  
1

𝑠2−1
  = 

  1/2  

𝑠−1
 − 

  1/2  

𝑠+1
. 

 

      Impulse Response    ℎ 𝑡 = 𝓛−1 𝐻 𝑠  =
1

2
𝑒𝑡 −

1

2
𝑒−𝑡 = sinh 𝑡 . 



Example. Find a particular solution of 

∗         𝑦′′ 𝑡 − 𝑦 𝑡 =
1

cosh(𝑡)
. 

Solution 1: Variation of Parameters 
 

Solution 2: Use ℒ, ℒ−1 and Convolution 
 

      Transfer Function     𝐻 𝑠 =  
1

𝑠2−1
  = 

  1/2  

𝑠−1
 − 

  1/2  

𝑠+1
. 

 

      Impulse Response    ℎ 𝑡 = 𝓛−1 𝐻 𝑠  =
1

2
𝑒𝑡 −

1

2
𝑒−𝑡 = sinh 𝑡 . 

The Forced Response is a particular solution of the nonhomogeneous equation: 
 

=  sinh 𝑡 cosh(𝜏) − cosh 𝑡 sinh(𝜏)
𝑡

0

 
1

cosh(𝜏)
𝑑𝜏 

 

=  sinh(𝑡) − cosh 𝑡  
sinh(𝜏)

cosh(𝜏)
𝑑𝜏

𝑡

0

 

𝑦𝑝 𝑡 = ℎ ∗ 𝑓 𝑡 =  ℎ 𝑡 − 𝜏  𝑓 𝜏 𝑑𝜏
𝑡

0

=  sinh(𝑡 − 𝜏)
𝑡

0

 
1

cosh(𝜏)
𝑑𝜏 

= 𝑡 sinh(𝑡) − cosh 𝑡 ln (cosh 𝑡) 

Substitute     𝑣 = cosh(𝜏). 
We have      𝑑𝑣 = sinh 𝜏 𝑑𝜏. 

= 𝑡 sinh 𝑡 − cosh(𝑡) [ln cosh 𝜏 ]𝜏=0
𝜏=𝑡  

cosh 0 =
𝑒0 + 𝑒−0

2
= 1. 


