
Laplace Transform of 
Piecewisely Defined Functions 



Unit Step Functions (of three types) 

𝑢𝑎 𝑡 − 𝑢𝑏 𝑡  
= 𝑢 𝑡 − 𝑎 − 𝑢 𝑡 − 𝑏  
  

=  
0 𝑡 < 𝑎
1 𝑎 ≤ 𝑡 < 𝑏
0 𝑡 ≥ 𝑏

 

1 − 𝑢𝑎 𝑡 = 1 − 𝑢 𝑡 − 𝑎  
  

                    =  
1 𝑡 < 𝑎
0 𝑡 ≥ 𝑎

 

𝑢𝑎 𝑡 = 𝑢 𝑡 − 𝑎  
  

              =  
0 𝑡 < 𝑎
1 𝑡 ≥ 𝑎

 



Unit Step Functions (of three types) 

𝑢 𝑡 − 𝑎 𝑓 𝑡 − 𝑎 = 𝑢𝑎 𝑡 𝑓 𝑡 − 𝑎  
  

       =  
0 𝑡 < 𝑎

𝑓(𝑡 − 𝑎) 𝑡 ≥ 𝑎
 

Laplace Transform Formula:       Let  𝑎 > 0. 

𝑢𝑎 𝑡 − 𝑢𝑏 𝑡  
= 𝑢 𝑡 − 𝑎 − 𝑢 𝑡 − 𝑏  
  

=  
0 𝑡 < 𝑎
1 𝑎 ≤ 𝑡 < 𝑏
0 𝑡 ≥ 𝑏

 

1 − 𝑢𝑎 𝑡 = 1 − 𝑢 𝑡 − 𝑎  
  

                    =  
1 𝑡 < 𝑎
0 𝑡 ≥ 𝑎

 

𝑢𝑎 𝑡 = 𝑢 𝑡 − 𝑎  
  

              =  
0 𝑡 < 𝑎
1 𝑡 ≥ 𝑎

 

𝑒−𝑎𝑠𝐹(𝑠) 

L 

L 
−𝟏 

L 

L 

𝑓(𝑡) 𝐹(𝑠) 
−𝟏 

If 

then 



𝑢 𝑡 − 𝑎 𝑓 𝑡 − 𝑎 = 𝑢𝑎 𝑡 𝑓 𝑡 − 𝑎  
  

       =  
0 𝑡 < 𝑎

𝑓(𝑡 − 𝑎) 𝑡 ≥ 𝑎
 

Laplace Transform Formula:       Let  𝑎 > 0. 

𝑒−𝑎𝑠𝐹(𝑠) 

L 

L 
−𝟏 

L 

L 

𝑓(𝑡) 𝐹(𝑠) 
−𝟏 

If 

then 

Why?  

By definition,   L 𝑓 𝑡 =  𝑒−𝑠𝑡𝑓 𝑡
∞

0
𝑑𝑡 = 𝐹 𝑠 , 

  

L 𝑢 𝑡 − 𝑎 𝑓 𝑡 − 𝑎 =  𝑒−𝑠𝑡𝑢 𝑡 − 𝑎 𝑓 𝑡 − 𝑎
∞

0
𝑑𝑡 

 =  0
𝑎

0
𝑑𝑡 +  𝑒−𝑠𝑡𝑓 𝑡 − 𝑎

∞

𝑎
𝑑𝑡 =  𝑒−𝑠𝑡𝑓 𝑡 − 𝑎

∞

𝑎
𝑑𝑡 

 =  𝑒−𝑠(𝜏+𝑎)𝑓 𝜏
∞

0
𝑑𝜏 

 =  𝑒−𝑎𝑠𝑒−𝑠𝜏𝑓 𝜏
∞

0
𝑑𝜏 

 = 𝑒−𝑎𝑠  𝑒−𝑠𝜏𝑓 𝜏
∞

0
𝑑𝜏 = 𝑒−𝑎𝑠  𝑒−𝑠𝑡𝑓 𝑡

∞

0
𝑑𝑡 

 = 𝑒−𝑎𝑠𝐹 𝑠 . 

Substitution: 𝜏 = 𝑡 − 𝑎 

Replace 𝜏  by 𝑡 
























