Homogeneous Linear Systems of Differential Equations
with Constant Coefficients

Objective: Solve

dl’l
— = Q1171 + A12T2 + -+ A1 Ty,
dt
dl’g
— = 2171 + Q2% + - - -+ A2pTp,
dt
da + +o
—— = U1 %1 F U2+ ATy
7t 171 2T
This is a system of n differential equations for n unknowns z;(t),-- -, x,(t). We can put the
system in an equivalent matrix form:
ax Az
- — X
dt ’
T (t)
with unknown being the vector function X(t) = :
T (t)
Solution Method: Suppose that A is diagonalizable; that is, there are an invertible matrix P
A1
and a diagonal matrix D = such that A = PDP~!. In this case, set
An
X(t) = Pu(t).
The system for u(t) becomes
du
— = Arug,
At dt
T P7'APid = D4, or, equivalently, :
du,, \
— = AUy
dt

The last system is a completely decoupled system, which we can easily solve to get solutions
uy(t) = CreMt - u,(t) = Cpe.
Going back to X we get the solutions to the given system dxX/dt = AX:

Cle)\lt
<) —P|
C, et

An equivalent but even simpler formulation of the solution method: First construct a
basis of R" consisting of eigenvectors of A:

Vi1,V2, ", Vp,



corresponding to the eigenvalues Ay, Ag, - - -, A,,. Then the solutions of the system of differenttial
equations are:
i(t) = C’le’\lt\_f’l + C’ge’\Qt% +---F Cne)\”t\_/"n,

where C4,Cy, - - -, C, are free parameters.

What if not diagonalizable? In the case A is not diagonalizable (i.e., you cannot find n
linearly independent eigenvectors of A), the system cannot be completely decoupled as above
and the problem is a little harder. But even in such cases, the eigenvectors provide a partial
but crucial help. In general, if A\ is an eigenvalue of A with multiplicity k£, we can obtain k
linearly independent solutions by considering solutions of the following form:

i(t) = 6”\71 + teAtVQ + -+ tk_leM\_"k.

Plugging this into the system of differential equations and comparing the coefficients, we will
get a system of linear equations for vectors vy, - - -, V. The solution space of this linear system
turns out to be a k dimensional subspace and thus yields a k-parameter family of solutions of
the differential equations. See Examples 2 and 3.
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EXAMPLE 1 (Simple Eigenvalues). Solve Ccll_)t( =AxXforA=|—-4 -1 2
13 9 =3

e The eigenvalues of A are A\ =1, Ay =2, A3 = —1.
e For each eigenvalue we can find a corresponding eigenvector:

1 —1 1/2
\_’)1: -1 ,\_’)2: 2 ,\_"3: —1/2
1 1 1

Here, V; is an eigenvector associated to eigenvalue A; (j = 1,2, 3).
e This shows matrix A is diagonalizable: A = PDP~! with

1 -1 1/2 A0 0 1 0 0
1 1 1 0 0 As 0 0 -1
e Now set X(t) = Pu(t). The system for t(t) becomes
dul/dt = Uz,
du . .
- = Du, or, equivalently, ¢ dus/dt = 2us,
dU3/dt = —us.
Solving this decoupled system, we obtain
Ui (t) = Cl6t, Ug(t) = 0262t, Ug(t) = Cge_t.
Finally, the solutions to the given system are
Cet 1 -1 1/2
i(t) =P Cg€2t = C'let -1+ CQ€2t 2 + Cge_t —1/2 s

Cze™t 1 1 1



where C, Cy, C3 are free parameters.

EXAMPLE 2 (Repeated Eigenvalues, Diagonalizable). Solve the initial value probelm

. 3 7 -9 9
=A% X(0)= | -2 for A=| 3 5 -3
4 3 -3 5

e The eigenvalues of A are \; = —1, Ay = A3 = 2.
e Set solutions in the following form:

a by &1
R(t)=c'a+etb+te¥C=c"|ay | +e* [ by | +te* | o
a3 b3 C3

Plug this into dX/dt = AX:
—e7ta + 2e%b + €28 + 2te?E = e AT + X Ab + te* AC.

A comparison of coefficients gives:

([-6 =9 9] [a
3 6 =3 as | =0
| -3 -3 6 as
A5 — —5 (A+1)a=0 ] L
~ L -9 -9 9 -1 0 O by
Ab=2b+¢ < Yr1a-21 -1 1[b . < 3 3 -3 0 -1 0/|]|b
Ac =2¢ 0 A=2I||¢c -3 -3 3 0 0 -1 b3 —0
0o o0 o0 -9 -9 9 a |
o o o 3 3 -3 Co
(L0 0 0 -3 =3 3| |cs]
Solve this system of linear equations for vectors a, B, C:
3 -1 1
d=a3|—-1|, b=b | 1 |+b]0], =0
1 0 1
where ag, by, b3 are arbitrary constants.
e The general solutions to the given system are
3 —1 1
R(t) =aze™" | =1 | +be® | 1 | +b3e® 0], (%)
1 0 1

where az, by, b3 are free parameters.
e Finally, let’s get the solution to the initial value problem. Let ¢t = 0 in equation (x):

3 -1 1 3
as -1+ bg 1 + bg 0] = —2
1 0 1 4



This gives

-1

as 3 -1 1 3
b | =-1 1 0 )
b 1 0 1 4

Plugging this back in (), we obtain the answer

EXAMPLE 3 (Repeated Eigenvalues, Not Diagonalizable).

-5 -8 4
Solve dX/dt = AX for A=| 2 3 =2
6 14 -5

e The eigenvalues of A are A\ = —1, s = A3 = —3.

e Set solutions in the following form:

X(t)=e'd+e ¥ b+teMe=et | ay

Plug this into dX/dt = AX:

1 1 -1 3
=11 2 -1||-=2|=
-1 -1 2 4
—9¢~! + 12e%
et — 5e*
—3e~t + 7e
aq bl
+ 6_3t bg + te‘gt
as bg

&1
C2
C3

—e '3 — 37 3b 4+ e3C — 3te e = e tAG + e 3 Ab + te 3 AC.

A comparison of coefficients gives:

A5 — & (A+DNa=0
Ac = -3¢ 0 A+31

Solve this system of linear equations for vectors

—

§:a3 —1 s b:bg

where ag, b3, c3 are arbitrary constants.

1
1

([ -4
2
6
- [ —2
—0 2
6
0
0
(L0
a,b,c
2 —1
+c3 1/2 s
0

by
bs
C1
Ca
C3




e The general solutions of the system of differential equations are

3 -2 -1 —2
)Z(t) = 6_ta3 -1+ 6_3t bg + c3 1/2 + t€_3t03 1
0 1

1
1
[ 3 ] —2 —1 -2t
=azet | =1 | +bse | 1 | +ege™® | 1/2+1 |,
1 t

where ag, b3, c3 are arbitrary constants.

- 3 22 =36
EXAMPLE 4 (Complex Eigenvalues). Solve Ocll—}; =Axfor A= |2 5 —18
2 7 =17

e The eigenvalues of A are A\ = —2 + 3i, \y = —2 — 3i, A\3 = —5.
e For each eigenvalue we can find a corresponding eigenvector:

4—2i 4+ 2i -1
\_"1: 1+’L ,\_’)2: 1—1 ,\_"3: 2
1 1 1

Here, V; is an eigenvector for eigenvalue \; (j = 1,2, 3), obtained by solving (A — X\;1)V = 0.
The solutions to the given system are

4 -2 4+ 2 -1
i(t) = Cl6>\1t\_f»1—|—026>\2t\72—|—036>\3t\73 = 016(_2+3Z)t 1+ +026(_2_3Z)t 1—1 —|—036_5t 2 s
1 1 1

where C, Cy, C3 are free parameters.
Via Euler’s formula, we can write down an alternative expression of general solutions:

%(f) = CiRe {5, } + Cotm {10} + 0y,

4 -2 4 -2 -1
=Cre " [ cos(3t) [ 1| —sin(3t) | 1 + Coe ™ | sin(3t) | 1| +cos(3t) | 1 + Cse™™ | 2
1 0 1 0 1

where (', Cy, C3 are free parameters.



EXERCISES

1] Solve & — {5 ‘3]>z, %(0) = { > ]

dt 1 1 —1
dx -4 12
2] Solve i {_3 g ] X.
IR -1 4 =2 0
[3] Solve i -3 4 0 |X X0)=1]0
|31 3 1
s |5 4 2
[4] Solve i -12 -9 4 | X
boloi2 =8 3
s |9 7T -3
[5] Solve pri -16 —-12 5 | X
| -8 =5 2
Iz 5 =2 -10
[6] Solve i 4 1 0 | X
4 0 -7
Answers:

- 9ett — 4%
[1] X(t) = |:3e4t _ 4e2t:|

[2] %(t) = Cre? ﬂ + Coe?t [_1/i+ 21 where C1, Cy are arbitrary constants

~1/2 —2/3 1/3
[4] X(t) = Cyet 1 +Coe™t 1 +Cse7t | 0 | where Cy,Cy,C3 are arbitrary constants
1 0 1
-1 1 -2+t
[5] X(t)=Cret | 2 | +Coet | =1 | +Cset | 3—t | where C},Cy,C3 are arbitrary constants
B 1 t
[ 1] 2+1 2—1
6] ®(t) = Cre 3t | =1 | 4+ Coe T4t 1 1 — 25 | 4 C3el=4 | 1 424
1 1 1

where C1, Cy, (5 are arbitrary constants, or equivalently,

M1 ] 2 1 2 1
%(t) = Cre=3t | =1 | +Chet (cos(4t) {1] — sin(4t) [2} ) +C3et (sin(4t) {1} + cos(4t) {2})
1] 1 0 1 0




