Some Applications of 2-D Systems of
Differential Equations

Xu-Yan Chen



Examples:
» Salt in Tanks (a linear system)
» Electric Circuits (a linear system)

» Population Model - Competing Species (a nonlinear system)



Example 1. Salt in Tanks (a linear system)
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Question: Given initial condition
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Example 1. (continued. Set up equations.)
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Example 1. (continued. Set up equations.)
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Differential Equations - based on the conservation law

(rate of change of salt in a tank) = (rate of salt in) — (rate of salt out)



Example 1. (continued. Set up equations.)
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Differential Equations - based on the conservation law

(rate of change of salt in a tank) = (rate of salt in) — (rate of salt out)
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Example 1. (continued. Set up equations.)
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Differential Equations - based on the conservation law

(rate of change of salt in a tank) = (rate of salt in) — (rate of salt out)
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Example 1. (continued)

The System Q7 = —-01Q:+0.075Q2+1.5
of Diff Eqs Q, = 01Q;1—-020Q2+3
! —0.1 0.075 1.5
The Matrix Form @ — @ +
Q5 0.1 —-0.2] |Q- 3




Example 1. (continued)

The System Q7 = —-01Q:+0.075Q2+1.5
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Example 1. (continued)
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Example 1. (continued)

The System { Q7 = —-01Q:+0.075Q2+1.5

of Diff Eqs Q, = 01Q;1—-020Q2+3
/
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Example 1. (continued)

2-D System The coefficient matrix
Q=A (Q ~) 4 [F01 007
p— - a _
0.1 —0.2
’ —0.1 0.075 49
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Example 1. (continued)

2-D System The coefficient matrix
Q=A (Q ~) 4 [F01 007
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Eigenvalues & Eigenvectors of A:




Example 1. (continued)

2-D System The coefficient matrix
Q,/ y (Q, _)) y —0.1 0.075
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General Solutions:
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Example 1. (continued)

General Solutions:
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Example 1. (continued. Initial Value Problem)
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Example 1. (continued. Initial Value Problem)

I col e T

Gen. Sols: Q(t) = [g;gg = [;l?i] + (e~ 005 B] + Cye 0251 [_12]




Example 1. (continued. Initial Value Problem)
o[ ey -

Gen. Sols: Q(t) = [g;gg = [gg] + (e~ 005 [g] + Cye 0251 [_12]

Initial Condition:

)+ o] 7o) = [

-k



Example 1. (continued. Initial Value Problem)
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Solution: [g;gg] = [;Lé] + 27005 [g] + Te™0-25¢ [ ! ]
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Question: What is the meaning of
the homogeneous linear system
in the real world?




1.5 gal/min 1 gal/min
— -
1 oz/gal . ’ ‘ 3 oz/gal

2 Y . B
WA N A\
3 gal/min
Q, () oz salt — Q,(t) oz salt
30 gal water 20 gal water
— —— — o : P e
Q 1.5 gal/min Q
Tank 1 / - Tank 2

2.5 gal/min

1.5 gal/min 1 gal/min
E— -

@ oz/gal . ’ ‘ B oz/gal

R WA
3 gal/min

Y, (@) oz salt = Y,(t) oz salt

30 gal water 20 gal water

— —— — — = : e
Q 1.5 gal/min Q

Tank 1 / - Tank 2
2.5 gal/min

Nonhomogeneous Linear
Shifted System

Q1] _[-0.1 0.075][@Q .
ol =lor 20+ 5]
by a shift:

-0-

Homogeneous Linear System

ol e |



	Title
	Contents
	1. Salt in Tanks
	Question
	Set up equations
	Diff eqs in matrix form
	Eigenvalues, eigenvectors
	General solutions
	Phase portrait
	Initial value problem

	2. Electric Circuit
	Question
	Review of physical laws
	Apply Kirchhoff's law
	Differential equations
	Equilibria
	Diff eqs in matrix form
	Initial value problem
	Eigenvalues, eiegnvectors
	General solutions
	Solution of the initial value problem
	Figures

	3. Weak Competition
	Diff eqs and questions
	Equilibria
	Linear approximating system near an equilibrium
	Linear dynamics near (0,0)
	Linear dynamics near (2,0)
	Linear dynamics near (0,3/2)
	Linear dynamics near (3/2,3/4)
	Global phase portrait
	Discussion
	What is weak competition?

	4. Strong Competition
	Equations
	Equilibria
	Linear dynamics near (0,0)
	Linear dynamics near (3,0)
	Linear dynamics near (0,2)
	Linear dynamics near (1,1)
	Global phase portrait
	Discussion
	What is strong competition?




