Some Applications of 2-D Systems of
Differential Equations

Xu-Yan Chen



Examples:
» Salt in Tanks (a linear system)
» Electric Circuits (a linear system)

» Population Model - Competing Species (a nonlinear system)



Example 2. (Electric Circuit)

inductor capacitor
YT €
L C
resistor
current
R R
Il Il 1 Il 2
3 1 )
&)

electromotive force

R{ =50 ohms, Ry = 25 ohms,

Question: leen{ L = 2 henries, C = 0.008 farads, FEy = 100 volts,

and the initial condition I;(0) = I5(0) = I3(0) = 0 amps,
find electric currents I1(t), I2(t), I3(t).



Example 2. (continued. Review of Physics.)

inductor capacitor
22888 1
1<
L C
Definition of Current: & resistor
current R R
I dQ (the rate of Change) I 1 Lo .
dt of charge () | |
E

electromotive force



Example 2. (continued.

Review of Physics.)

resistor

2

inductor capacitor
YY) I
1€
L C
Definition of Current:
current R R
I d@ [ the rate of change I S
- dt of charge () |
£y
electromotive force
Circuit Element inductor resistor capacitor
Ldl/dt R1I Q/C
VOltage DI'Op (Faraday’/s law) (Ohm’s law) (Coulom/b’s law)




Example 2. (continued.

inductor

capacitor

Review of Physics.)

resistor

2

28888 (
L C
Definition of Current:
current R R
I d@ [ the rate of change I S
- dt of charge () |
(9
electromotive force
Circuit Element inductor resistor capacitor
Ldl/dt RI Q/C
VOltage DI'Op (Faraday’/s law) (Ohm’s law) (Coulom/b’s law)

Kirchhoff’s Current Law: [{ + I, = I3



Example 2. (continued.

inductor

capacitor

Review of Physics.)

resistor

2

28888 (
L C
Definition of Current:
current R R
I d@ [ the rate of change I S
- dt of charge () |
(9
electromotive force
Circuit Element inductor resistor capacitor
Ldl/dt RI Q/C
VOltage DI'Op (Faraday’/s law) (Ohm’s law) (Coulom/b’s law)

Kirchhoff’s Current Law: [{ + I, = I3

Kirchhoft’s Voltage Law:
(the sum of voltage drops in a closed loop) = 0



Example 2. (continued. Apply Kirchhoft’s law.)

inductor capacitor
L C
A .
I — dQ dt current reer
/ I, NS A I
I + 1y = I3
\ 4 \ 4
(y
electromotive force
Circuit Element inductor | resistor | capacitor
Voltage Drop Ldl/dt RI Q/C

Kirchhoft’s Voltage Law
(the sum of voltage drops in a closed loop) = 0



Example 2. (continued. Apply Kirchhoft’s law.)

inductor capacitor
L C
A .
I — dQ dt current reer
/ I, NS A I
I + 1y = I3
\ 4 \ 4
(y
electromotive force
Circuit Element inductor | resistor | capacitor
Voltage Drop Ldl/dt RI Q/C

Kirchhoft’s Voltage Law
(the sum of voltage drops in a closed loop) = 0

The Left Loop

dls
L—+R[{ —FEng=0
dt+ 141 0



Example 2. (continued. Apply Kirchhoft’s law.)

inductor capacitor
L C
A .
I — dQ dt current reer
/ I, NS A I
I + 1y = I3
\ 4 \ 4
(y
electromotive force
Circuit Element inductor | resistor | capacitor
Voltage Drop Ldl/dt RI Q/C

Kirchhoft’s Voltage Law
(the sum of voltage drops in a closed loop) = 0

The Left Loop The Right Loop

dl 1
Ld—f + R —Ey=0 Q2+ Roly — Rily =0



Example 2. (continued. Set up equations.)

inductor capacitor
L C
4 resistor
I — dQ/dt current R R
I I, A 2
I+ 1, =13
v v
(E)
N
electromotive force
The Left Loop The Right Loop

dl 1
Ld—tS—I—R111—E0:O 5@2—R1I1+R212=0



Example 2. (continued. Set up equations.)

inductor capacitor
L C
4 resistor
I — d dt current
. I, R 3R
I+ 1, =13
\4 \4
E
electromotive force
The Left Loop The Right Loop
dl 1
L= 4RI, —Ey=0 — Q2 — R1I1 + Rolo =0
dt C
I} Is=1 + I
dl, dl

L L2 VR, —Ey=0
a b thuhi— Eo



Example 2. (continued.

I =dQ/dt
I+ 1, =13

The Left Loop

dls
L—+RIi —FEy=0
dt—l— 141 0
J Is=1L+1
dlq dlo
L—+L—+RI{ —FEy=0
g g T Ro

Set up equations.)

inductor capacitor
A
L C
A :
resistor
current
R R
1 2
I I, A
v v
&)

electromotive force

The Right Loop

1
5@2 — Ri1I; + Rolo =0



Example 2. (continued. Set up equations.)

L[{ —I—Llé + R11; — Eg =0
&I — RiI{ + RoIh =0



Example 2. (continued. Set up equations.)

{ LI, + LI} + RiI; —Fy =0 { LI + LI, = —R.I; + Ej

&2 — Ruli + Rol} = 0 “RiI, + Roly = — 11,



Example 2. (continued. Set up equations.)

LI, + LI+ R —Ey=0 LI} + LI, = —RI; + Ey
&I — RiI{ + RoIh =0 —Ri I} + Rolh = — 51

0=-R [+ FE I =Ey/R
Equilibrium: { H ’ :>{ ' o/ B

0=—341 I =0



Example 2. (continued. Set up equations.)

LI, + LI+ R —Ey=0 LI} + LI, = —RI; + Ey
&I — RiI{ + RoIh =0 —Ri I} + Rolh = — 51

0=-R[1+FE I =Ey/R
Equilibrium: { H ’ :>{ ' o/ B

0=—341 I =0

Time-Dependent Equations in Matrix Form:

h ) )= [0 S [0



Example 2. (continued. Set up equations.)

LI, + LI+ R —Ey=0 LI} + LI, = —RI; + Ey
&I — RiI{ + RoIh =0 —Ri I} + Rolh = — 51

0=-R[1+FE I, = Ey/R
Equilibrium: { H ’ :>{ ' o/ B

0=—341 I =0

Time-Dependent Equations in Matrix Form:
L L I{ . —Rl 0 Il 4+ EO
—Ry Ro| |3 | 0 =5 | 0

1 [ L L] '[-R O n L L]
I~ |-R1 R 0 -] | —Ry Ry



Example 2. (continued. Set up equations.)

LI, + LI+ R —Ey=0 LI} + LI, = —RI; + Ey
&I — RiI{ + RoIh =0 —Ri I} + Rolh = — 51

0=-R[1+FE I =Ey/R
Equilibrium: { H ’ :>{ ' o/ B

0=—341 I =0

Time-Dependent Equations in Matrix Form:
L L Ii . —Rl 0 Il 4+ EO
—Ry Ro| |3 | 0 =5 | 0

1 [L Ll '[-R 0 o, [L L] [E
I~ |-R1 R 0 -] | —R1 Ry 0

, " RiR» 1 1 r B
I L(R1+R3) C(Ri+R2) | |11 — F*
2-D System: = ) !
Ié — 1t} 1 ]2
| L(R1+R2) C(R1+R2) | L




Example 2. (continued. Plug in numbers.)

Rl = 50 Oth,

Plug in { L = 2 henries,

T RiRo
L(R1+R2)

Ry

| L(Ri1+R2)

Ry = 25 ohms,

: 7. _ Eo
C(R1+R2) 1 Rl

1
C(R1+R2) |

C' = 0.008 farads, FEy = 100 volts,



Example 2. (continued. Plug in numbers.)

, - RiRy 1 i 5
I L(R1+R>) C(R1+R3) I —
2-D System: = ) !
I — — et I
| L(Ri1+Rz2) C(R1+R2) |

Plue ; R; =50 ohms, Ry = 25 ohms,
WY =2 henries, C' = 0.008 farads, Fy = 100 volts,

I3 —25/3  5/3 | [I; —2
2-D System: —
o)L Sl



Example 2. (continued. Solve the system.)

Initial Value Problem

nl —25/3 5/3 | I —2
M i {—50/3 —5/3H I }



Example 2. (continued. Solve the system.)

Initial Value Problem
I —25/3 5/3 | |[I{ —2
| |-s0/3 —5/3|| L |
Eigenvalues: \; = -5+ 2v6i, Ao =-5-—2v67¢ (complex)

An Eigenvector for )\ : Wi = [2 +1\/6i] ~ E] e [\%]



Example 2. (continued. Solve the system.)

Initial Value Problem
I —25/3 5/3 | |[I{ —2
| |-s0/3 —5/3|| L |
Eigenvalues: \; = -5+ 2v6i, Ao =-5-—2v67¢ (complex)

An Eigenvector for )\ : Wi = [2 +1\@i] ~ E] e [\%]

(GGeneral solutions:

) =]+ e o () o (3

0
V6
b Cacot {sin (2450) [y + cos (3451) | Tl |
2 3 3 V6




Example 2. (continued. Initial Condition.)

General solutions:
[Il(t)] — [2] + Cie "t < cos (%t) 1] — sin (%t)

0
I5(t) 0 V6
- f . 5\/6 1 5\/6 B O TN
+ 026 5t <LSIH (Tt) [2] —+ Ccos (Tt> _\/6_ |




Example 2. (continued. Initial Condition.)

General solutions:
[Il(t)] — [2] + Cie "t < cos (#t) 1] — sin (53&75)

0
I5(t) 0 V6
—5¢% ( . M 1 M [ 0 ] W
+  Cse <Lsm( % t) [2] +cos( % t) \@ />

Initial Condition:

P e R R R R A R v



Example 2. (continued. Initial Condition.)

General solutions:
01 2]+ v fom (1550) [] - i (20

I>(t) 0 \%
+ (Che™ ot <Lsin (%t) [1] + cos (%t) \% 1

vV

Initial Condition:
11(0)_0 Of 1|2 1 0 Ci| | —2
o] = Lo} = [o) = [o) o1 o) <2 [va) =[] = [+
Solution of the initial value problem:

Li(t) = 2—2e” COS(5\/_t) + 2v/6e7° sm(ﬁt)
L(t) = YV6e ™ Sin(%t)



Example 2. (continued. Initial Condition.)

(General solutions:

[ggg]zlg] + Creot feos (3451 1]_sm(%)'

vV

0
V6
st f o (5v6,) [1 5v6,) | 0|
+  Cse <Lsm( t) [ ] +cos( t) \@ >
Initial Condition:
I(0)] |0 Of 1|2 1 0 Ci| | —2
o) = [o] = ol = [o] & o)+ [V6) = [G2] = [ 274
Solution of the initial value problem:

2 — 2e 2t cos (5ft) Q\fe tsin (ﬁt)
L(t) = V6e 'sin (%t
I3(t) = Ii(t)+ Iz(t) = 2 — 2e > cos (%t) + 4+/6e 5 sin (57\/675)

~
[
VR
8
N——"
|



Example 2. (continued. Figures.)

(General solutions:

1)) - e {ef-m

+ Che " <{sin (%t) [1 + cos (

5°5°




Example 2. (continued. Figures.)

(General solutions:

[ggg] _ [g] + G {eos (2401 H ~sin (5451

+ (Che ®t{sin (%t) [1 + cos (%t)

_ The Graphs of Currents vs Time

5°5°




Example 2. (continued. Figures.)

(General solutions:

-

) -]+ v ] -om e ]

0
V6
+ (Che ot <(sin (Mt) [1 + cos (Mt> 0 1
2 3 3 V6

_ The Graphs of Currents vs Time Phase Portrait.
Equilibrium (2,0) is an Attractive Focus
3 —

I
|2
_ N
3 _
i 1 4

/1
1
4 5
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