2D Homogeneous Linear Systems with
Constant Coefficients
— distinct nonzero real eigenvalues

Xu-Yan Chen



Systems of Diff Eqgs: CCZZ_); = AX

$1(t)

where %(t) = [m o

} , Ais a 2 x 2 real constant matrix

Things to explore:
» General solutions
» Initial value problems
» Geometric figures

» Solutions graphs x; vs t & xg vs't
» Direction fields in the (x1,x2) plane
» Phase portraits in the (z1,x3) plane

> Stability /instability of equilibrium (z1, 22) = (0,0)
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» Find eigenvalues of A, by solving the characteristic polynomial
det(A — )\I) =0= )= )\1,)\2
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How to solve?
» Find eigenvalues of A, by solving the characteristic polynomial
det(A — )\I) =0= )= )\1,)\2

In what follows, we assume that A1 # As.
(The case of A1 = A2 will be discussed somewhere else.)
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» Find eigenvalues of A, by solving the characteristic polynomial
det(A — )\I) =0= )= )\1,)\2
In what follows, we assume that A1 # As.
(The case of A1 = A2 will be discussed somewhere else.)

» Find an eigenvector u; for Ay, by solving
(A— D)X =0.
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How to solve?

» Find eigenvalues of A, by solving the characteristic polynomial
det(A — )\I) =0= )= )\1,)\2
In what follows, we assume that A1 # As.

(The case of A1 = A2 will be discussed somewhere else.)

» Find an eigenvector u; for Ay, by solving
(A— D)X =0.

» Find an eigenvector Uy for Ay, by solving
(A= XD)X =0.
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How to solve?

>

Find eigenvalues of A, by solving the characteristic polynomial
det(A — )\I) =0= )= )\1,)\2
In what follows, we assume that A1 # As.

(The case of A1 = A2 will be discussed somewhere else.)

Find an eigenvector u; for A{, by solving
(A— D)X =0.

Find an eigenvector Uy for Ay, by solving
(A= XD)X =0.

General solutions are
f(t) = Clekltﬁl + Cgekﬁ’l_l'g,

where C1, Cy are free parameters.
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How to solve?

» Find eigenvalues of A, by solving the characteristic polynomial
det(A — )\I) =0= )= )\1,)\2
In what follows, we assume that A1 # As.

(The case of A1 = A2 will be discussed somewhere else.)

» Find an eigenvector u; for Ay, by solving
(A— D)X =0.

» Find an eigenvector Uy for Ay, by solving
(A= XD)X =0.

» General solutions are
f(t) = Clekltﬁl + Cgekﬁ’l_l'g,

where C1, Cy are free parameters.

» If initial condition is given,

X(0) = Xy = C1,Cy = a unique solution.
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Phase portraits & stability of the equilibrium (0, 0):

Let A1 and Ay be the eigenvalues of A.

> A\ < O,/\Q <O,>\1 75)\2
= Nodal sink,
asymtotically stable

> A\ > 0,/\2 >O,>\1 75)\2
= Nodal source,
unstable

> ()\1 >0, < 0),
or ()\1 < 0,/\2 > O)
= Saddle,

unstable




Example 1.

Consider %' = A%, where A = [‘13 2 4] .

(a) Find general solutions of X' = {_3 2 ] X.

(b) Solve the initial value problem X' = [_3 2 } X, %(0) = E]

(c) Sketch the phase portrait.

(d) Is the equilibrium (0,0) stable, asymptotically stable, or unstable?
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» Eigenvalues of A, by solving det(A — AI) = 0:



Example 1 (a) i [ . _4] X
» Eigenvalues of A, by solving det(A — AI) = 0:
-3-A 2 ]

det[ 1 4
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dx -3 2|,

Example 1 (a) d_)tc = [ 13 _4]
» Eigenvalues of A, by solving det(A — AI) = 0:
-3-A 2

det[ 1 4

] =X 4+7A+10=0
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Example 1 (a) d_)tc = [ 13 _24] X

» Eigenvalues of A, by solving det(A — AI) = 0:
-3-A 2

1 —4 -
= A =-2,A=-5

det{ ]=A2+7)\+10:0
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dx —
Example 1 (a) d_)tc = [ 13 _24] X

» Eigenvalues of A, by solving det(A — AI) = 0:
-3-A 2

1 —4 -
= A =-2,A=-5

» Eigenvectors of A for \y = —2, by solving (A — A1 1)X = 0:

det{ ]=A2+7)\+10:0
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Example 1 (a) — = X
plel(a) 7= 4
» Eigenvalues of A, by solving det(A — AI) = 0:
-3-A 2
1 —4 -
= )\1 = 72,)\2 =-5

» Eigenvectors of A for \y = —2, by solving (A — A1 1)X = 0:

(A+2D)2 =0 [_11 —22} {ij - m

det{ ]=A2+7)\+10:0
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Example 1 (a) d_)tc = [ 13 _24] X

» Eigenvalues of A, by solving det(A — AI) = 0:
-3-A 2

1 —4 -
= A =-2,A=-5

» Eigenvectors of A for \y = —2, by solving (A — A1 1)X = 0:
- —1 2 I _ 0
(At2ng=0s [ X _2} M _ M

S 1 = 229

det{ ]=A2+7)\+10:0
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Example 1 (a) d_)tc = [ 13 _24] X

» Eigenvalues of A, by solving det(A — AI) = 0:
-3-A 2

1 —4 -
= A =-2,A=-5

» Eigenvectors of A for \y = —2, by solving (A — A1 1)X = 0:

(A+2D)2 =0 [_11 —22} {ij - m

2
S =220 & [i;] = T2 |:1:|

det{ ]=A2+7)\+10:0
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Example 1 (a) d_)tc = [ 13 _24] X

» Eigenvalues of A, by solving det(A — AI) = 0:
-3-A 2

1 —4 -
= A =-2,A=-5

» Eigenvectors of A for \y = —2, by solving (A — A1 1)X = 0:

(A+2D)2 =0 [_11 —22} {ij - m
Sy =22 & [2] = T2 m

= An eigenvector u; = E]

det{ ]=A2+7)\+10:0
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Example 1 (a) d_)tc = [ 13 _24] X

» Eigenvalues of A, by solving det(A — AI) = 0:

—-3-A 2
det[ 1 4
:>)\1:72,)\2:75

» Eigenvectors of A for \y = —2, by solving (A — A1 1)X = 0:

(A+2D)2 =0 [_11 —22} {ij - m

2
S =220 & [i;] = T2 |:1:|

= An eigenvector u; = E]

] =X 4+7A+10=0

= Partial solutions: X(t) = Ce™% E]

Need more to get complete solution formula.
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» Eigenvalues of A: Ay = =2, Ay = =5

» An eigenvector for \y = —2: Uy = [ﬂ



dx _
Example 1 (a) d_)t( _ [ 13 _24] 2

> FKigenvalues of A: A\ = =2, Ay = —5
» An eigenvector for \y = —2: Uy = [ﬂ
» An eigenvector for Ay = —5, by solving (4 — A2I)X = 0:

R [

S t+r=0s Ty _ -1
T To = . = 29 .

- . [-1
= An eigenvector s = [ ) }



dx —
Example 1 (a) d_)tc = [ 13 _24] X

> FKigenvalues of A: A\ = =2, Ay = —5

» An eigenvector for \y = —2: Uy = [ﬂ

» An eigenvector for Ay = —5, by solving (4 — A2I)X = 0:

R [

Satar=0a | =g |}
X1 ro = o = X9 1

. - -1
= An eigenvector ty = [ 1 }

» General solutions are
R(t) = Cre~2 m + Che 5t [ﬂ ,

where C1, Cy are free parameters.



Example 1 (b) Solve

dx

dt



< [-3 27, ... [2
Example 1 (b) Solve i [ ] _4] X, X(0) = [3]

» General solutions:

i(t) = C’le_% |:?:| + Cge_St |:11:|



dx -3 2. . |2
Example 1 (b) Solve i [ ] _4] X, X(0) = [3]

» General solutions:

i(t) = Cle_Qt |:?:| + Cge_St |:11:|

» Use the initial condition:

=[] =] rel]-[]
=[ kel == el - B



< [-3 27, ... [2
Example 1 (b) Solve i [ ] _4] X, X(0) = [3]

» General solutions:
R(t) = Cre~2 m + Chet [11}
» Use the initial condition:
ooy |2 2 -1 |2
0= [)] »a [+ . [1] =[]
:>2—1 01_2:01_5/3
1 1|(|Ce| |3 Co| — |4/3
» The solution to the initial value problem:

. 2
R(t) = 22 [1} + e 5
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Example 1 (c) Phase portrait of L X

dt 1 —4
{—1
1

General solutions:  %(t) = Cre=?* E] + Coe™ 5t }
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dx —
Example 1 (c) Phase portrait of d_)t( = 13 _24 X

General solutions:  %(t) = Cre=?* E] 4 Cpe 5t [_11}

o Cre 2t E] decays to the origin, along the eigenspace of A\; = —2.

o Che5t {_1 ] decays to the origin, along the eigenspace of Ay = —5.
Direction field x
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dt 1 —4
General solutions:  %(t) = Cre=?* E] 4 Cpe 5t [_11}

Example 1 (c) Phase portrait of

o Cre 2t E] decays to the origin, along the eigenspace of A\; = —2.

o Che5t { 1 ] decays to the origin, along the eigenspace of Ay = —5.
Eigenspay
Direction field & spxces
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dt 1 —4
General solutions:  %(t) = Cre=?* E] 4 Cpe 5t [_11}

Example 1 (c) Phase portrait of

o Cre 2t E] decays to the origin, along the eigenspace of A\; = —2.

o Che5t {_1 ] decays to the origin, along the eigenspace of Ay = —5.
A solution on the first eigenspace
Direction field X
N 44 2
Y Xz 3
N 3,
~ 2
N 24 -
Y — « 1
N e xl
N X, | | — | | |
A3 0 12 34 B R 12z 3
el 214 _1,
-~ X
- w2 ~ -2
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—_— = X

dt 1 —4
General solutions:  %(t) = Cre=?* E] 4 Cpe 5t [_11}

Example 1 (c) Phase portrait of

o Cre 2t E] decays to the origin, along the eigenspace of A\; = —2.

o Che5t {_1 ] decays to the origin, along the eigenspace of Ay = —5.
Another solution on the first eigenspace
Direction field X
N 44 2
Y Xz 3
N 3,
Y 21
N 24 -
Y — « 1
N - xl
N X, | o | | |
A3 0 12 34 B2 12z 3
el 214 _1,
= X
- w2 ~ -2
\
_3 AN _3
x




—_— = X

dt 1 —4
General solutions:  %(t) = Cre=?* E] 4 Cpe 5t [_11}

Example 1 (c) Phase portrait of

o Cre 2t E] decays to the origin, along the eigenspace of A\; = —2.

o Che5t {_1 ] decays to the origin, along the eigenspace of Ay = —5.
L A solution on the second eigenspace
Direction field X
N 44 2
Y Xz 3
~ 3,
N 2
N 24 -
Y — g 1
N e xl
N X, | | — | | |
A3 0 12 34 B R 12z 3
e 214 _1,
= X
- w2 ~ -2
N
_3 AN _3
‘\




— X

dt 1 —4
General solutions:  %(t) = Cre=?* E] 4 Cpe 5t [_11}

Example 1 (c) Phase portrait of

o Cle 2t E] decays to the origin, along the eigenspace of \; = —2.

° 026—5t |: 1

] decays to the origin, along the eigenspace of Ao = —5.

L Another solution on the second eigenspace
Direction field X
. 41 2
N 3
N 21 -

N -
N “ X

Ve
4302 5100
~ =14 AN




dx —
Example 1 (c) Phase portrait of d_)t( = 13 _24 X

General solutions:  %(t) = Cre=?* E] + Coe™ 5t [_11}

o Cle 2 E] decays to the origin, along the eigenspace of \; = —2.

o (et {1 ] decays to the origin, along the eigenspace of \o = —5.
Direction field Solutions on eigenspaces
% 44 —-5x X,
N X5 ] 2
N 3
N Ax=-2x
N 21 - 21
N o
N - 14
Vs
‘ : ‘ ‘ N ' ‘ Xl : Xl
“4,-302- S0 L 2 034 3 AAIN1 2 3
e AL -1
= X
-~ L2 AN
2 N -
_3 ®
X -3
-4 A




Example 1 (c) Phase portrait of

General solutions: ~ X(t) = Cre™% [2] + Che™5

When C; and Cy are both # 0,

6{11

|

It approaches the origin, along the eigenspace of A\ =

Direction field

Solutions on eigenspaces
_ X
5X >
3 4

2,

X |-3 2

—4

1
~ Cre 2 [}astNOO

D PN 2

X



Example 1 (c) Phase portrait of

General solutions: ~ X(t) = Cre™% [2] + Che™5

When C; and Cy are both # 0,

X  [-3 2
C[l_14

|

1
~ Cre 2 [}astNOO

It approaches the origin, along the eigenspace of A\ =

Direction field

A solution off the eigenspaces
=-5X
3 4

2,

X
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When C; and Cy are both # 0, ~ Cre? [ } as t =~ oo.

Example 1 (c) Phase portrait of

General solutions: ~ X(t) = Cre™% [2] + Che™5

It approaches the origin, along the eigenspace of A\ =

Another solution off the eigenspaces

Direction field
=-5Xx




Example 1 (c) Phase portrait of

General solutions: ~ X(t) = Cre™% [2] + Che™5

When C; and Cy are both # 0,

X  [-3 2
C[l_14

|

1
~ Cre 2 [}astNOO

It approaches the origin, along the eigenspace of A\ =

Direction field

Third solution off the eigenspaces
=-5X X,
3 4

2,

X



ax  [-3 2.
C{T14X

|

1
When C; and Cy are both # 0, ~ Cre? [ } as t =~ oo.

Example 1 (c) Phase portrait of

General solutions: ~ X(t) = Cre™% [2] + Che™5

It approaches the origin, along the eigenspace of A\ =

Fourth solution off the eigenspaces

Direction field
=-5Xx




dz  [—3 2
El 1 —4
]

1
When C; and Cy are both # 0, X(t) ~ Cre=? [ﬂ as t ~ oo.

Example 1 (c) Phase portrait of X

General solutions:  %(t) = Cre=?* E] + Che™ 5t

It approaches the origin, along the eigenspace of \; = —2.

Phase Portrait (nodal sink)

Direction field




dz  [—3 2
El 1 —4
]

1
When C; and Cy are both # 0, X(t) ~ Cre=? [ﬂ as t ~ oo.

Example 1 (c) Phase portrait of X

General solutions:  %(t) = Cre=?* E] + Che™ 5t

It approaches the origin, along the eigenspace of \; = —2.

Phase Portrait (nodal sink)

Direction field




X |-3 2

Example 1 (c) Phase portrait of — = X
dt 1 —4
: 2 ot |2 5t |1
General solutions:  X(t) = Ce ot Cae 1
. 2
When C; and Cs are both # 0, X(t) ~ Cre=?t [1} as t &~ oo.
It approaches the origin, along the eigenspace of \; = —2.
Direction field Phase Portrait (nodal sink)
x 44
~ %
N 3
~
N 21 Ve
N o
N -
SNl A /" | xl‘
4-302- 5170 WL -2 3 4
4 214 AN
- S
= L0 %
N
_3 ®
.
-4 A




Example 1 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

General solutions:  X(t) = Cye 2t E] 1 Che 5 [11}

Phase Portrait (nodal sink)




Example 1 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

General solutions:  X(t) = Cye 2t E] 1 Che 5 [11}

Phase Portrait (nodal sink)

The equilibrium (0, 0) is
asymptotically stable.



Example 1 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

General solutions:  X(t) = Cre=?* E] 4 Cpe 5t [11}

Phase Portrait (nodal sink) The equilibrium (0, 0) is
asymptotically stable.

We have a nodal sink,
when A\ < 0, Ao < 0,)\1 7’5 Aa.




Example 2.

Consider ¥ = AR, where A — [16 _5} .

2 5

(a) Find general solutions of X' = [126 _55} X.

(b) Solve the initial value problem X' = [126 _55]

(c) Sketch the phase portrait.

(d) Is the equilibrium (0,0) stable, asymptotically stable, or unstable?
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Example 2 (a) 712 5%
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Example 2 (a) = _ [16 5] X

a2 5

» Eigenvalues of A, by solving det(A — AI) = 0:
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Example 2 (a) d_)tc = 126 55 X

» Eigenvalues of A, by solving det(A — AI) = 0:
16—X -5 ]
2 52

det [
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Example 2 (a) d_)tc = 126 55 X

» Eigenvalues of A, by solving det(A — AI) = 0:

16—\ =5

— \2 _ —
2 5y TN HAF0=0

det [



dX [16 -5
Example 2 (a) — = X
ple2(a) 77 =1y 5
» Eigenvalues of A, by solving det(A — AI) = 0:
16—X -5 ]
2 52
= A =15\ = 6

=A2—21A+90=0

det [



dX [16 -5
Example 2 (a) — = X
ple2(a) 77 =1y 5
» Eigenvalues of A, by solving det(A — AI) = 0:
16—X -5 ]
2 52
= A =15\ = 6

> Eigenvectors of A for A\; = 15, by solving (A — A\ I)X = 0:

=A2—21A+90=0

det [
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(16 —5]

d
Example 2 (a) d_)tc =1y

» Eigenvalues of A, by solving det(A — AI) = 0:
16—X -5 ]

2 52
=X\ =15X=6

> Eigenvectors of A for A\; = 15, by solving (A — A\ I)X = 0:

(A-150)% =0« B —_150} [2] B m

=A2—21A+90=0

det [
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Example 2 (a) d_)tc =1y

» Eigenvalues of A, by solving det(A — AI) = 0:
16—X -5 ]

2 52
=X\ =15X=6

> Eigenvectors of A for A\; = 15, by solving (A — A\ I)X = 0:
L 1 =57 a] O
acongeon ) 5] [2]- ]

<:>£L'1—5"EQZO

=A2—21A+90=0

det [
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(16 —5]

d
Example 2 (a) d_)tc =1y

» Eigenvalues of A, by solving det(A — AI) = 0:
16—X -5 ]

2 52
=X\ =15X=6

> Eigenvectors of A for A\; = 15, by solving (A — A\ I)X = 0:

(A-150)% =0« B —_150} [2] B m

5
S x1—dres =04 |:2;:| = T2 |:1:|

=A2—21A+90=0

det [
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(16 —5]

d
Example 2 (a) d_)tc =1y

» Eigenvalues of A, by solving det(A — AI) = 0:
16—X -5 ]

2 52
=X\ =15X=6

> Eigenvectors of A for A\; = 15, by solving (A — A\ I)X = 0:

(A-150)% =0« B —_150} [2] B m

5
S x1—dres =04 |:2;:| = T2 |:1:|

=A2—21A+90=0

det [

= An eigenvector u; = E]
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(16 —5]

d
Example 2 (a) d_)tc =1y

» Eigenvalues of A, by solving det(A — AI) = 0:

16—\ -5
det[ 9 57>\_
=X =15, =6

> Eigenvectors of A for A\; = 15, by solving (A — A\ I)X = 0:

(A-150)% =0« B —_150} [2] B m

S x1—dres =04 |:21:| = T2 |:5:|

=A2—21A+90=0

2 1

= An eigenvector u; = E]

= Partial solutions: X(t) = Ce!5t [ﬂ

Need more to get complete solution formula.
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Example 2 (a) = _ [16 5] X

dt |2 5
» Eigenvalues of A: Ay =15, A2 =6

» An eigenvector for \; = 15: 1y = E)]



dx —
Example 2 (a) = _ [16 5] X

da |2 5
» FEigenvalues of A: A\ =15, A0 =6
» An eigenvector for \; = 15: 1y = E)]
» An eigenvector for Ay = 6, by solving (A4 — A21)X = 0:
aeng=ow [0 5[] =[]
S 21 —x19=0& [xl] =X {1/2}

T2 1

= An eigenvector ty =

—
N —



dx 16 -5

Example 2 (a) i [2 5]){

» Eigenvalues of A: Ay =15, A2 =6

» An eigenvector for \; = 15: 1y = E)]

» An eigenvector for Ay = 6, by solving (A4 — A21)X = 0:
ova [t -

&2 — 2, =0& [xl] — {1/2}

T2 1
» General solutions are
R(1) = Cyel® m + et H ,

where C1, Cy are free parameters.

—_

= An eigenvector ty = [

[\



dx 16 =5 . ... [2
Example 2 (b) Solve i [2 . ] X, X(0) = [3]



dx 16 =5 . ... [2
Example 2 (b) Solve i [2 . ] X, X(0) = [3]

» General solutions:

i(t) = Clel5t |:i):| + Cgeﬁt |:§:|



dx 16 =5 . ... [2
Example 2 (b) Solve i [2 . ] X, X(0) = [3]

» General solutions:

i(t) = Clel5t |:i):| + Cgeﬁt |:§:|

» Use the initial condition:

- [~ <] - [

- Jle)-B- B



dx 16 =5 . ... [2
Example 2 (b) Solve i [2 . ] X, X(0) = [3]

» General solutions:

i(t) = Clel5t |:i):| + Cgeﬁt |:§:|

» Use the initial condition:
ooy |2 5 11 |2
0= [}| [l el - ]

N 5 11 |Ci| |2 N Cyl_|1/9
1 2| |Cs| |3 Cy| — [13/9
» The solution to the initial value problem:

- 5 : 1
X(t) = §elot L] + bt [2}



AR
Example 2 (c) Phase portrait of d_)t( = [

General solutions:  %(t) = C1e!®t [ﬂ + Cyebt [ﬂ

16_5)2
2 5



dx _
Example 2 (c) Phase portrait of d_)t( — [126 55] 3
General solutions:  %(t) = C1e!®t [ﬂ T Chebt B}

Direction field

67X
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Example 2 (c) Phase portrait of d_)t( = 126 55 X

General solutions:  %(t) = C1e!®t E] + Coebt B]

Direction field
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Example 2 (c) Phase portrait of d—); = 126 55 X

General solutions:  X(t) = C1el®t [ﬂ + Coebt [ﬂ

(] 01615t |:5

J leaves away, along the eigenspace of \; = 15.

o Cyeft B] leaves away, along the eigenspace of Ay = 6.

Direction field

61x
61 2
X2 Vs 5
Vs 41
4 ’ |
f ;
p ]
2} 1
P ey I - N B
e e o e Yy -6-5-4-3-2 123456
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/)4 -5
/ H
AR
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Example 2 (c) Phase portrait of d_)t( = 126 55 X

General solutions:  X(t) = C1el®t [ﬂ + Coebt [ﬂ

Eigenspaces

Direction field 61x
61x / 5{°
2
/ 41
4‘ ’ 3,
! 2
p |
2 1
Py N —
- ‘ e s o -6-5-4-3-2 123456
6 42 024 .6 -H X
- o] 1
A
v =37
v/ -4
/=4y =51
/ ]
R



dx 16 =5
Example 2 (c) Phase portrait of d_)t( = 26 55 X

1
General solutions:  X(t) = C1el®t [ﬂ + Coebt [2}

A solution on the first eigenspace

Direction field 61x
61 2
X Vs 5
2
/ 41
41 ’ |
f :
p ]
g ! 17/
P ey S N =7
- , e ; 1. -6-5-4-3-2 123456
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Example 2 (c) Phase portrait of d_)t( = 126 55 X

General solutions:  X(t) = C1el®t [ﬂ + Coebt [ﬂ
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Example 2 (c) Phase portrait of d_)t( = 26 55 X

General solutions:  X(t) = C1el®t [ﬂ + Coebt [ﬂ

A solution on the second eigenspace
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Example 2 (c) Phase portrait of d_)t( = 126 55

General solutions:  X(t) = C1el®t [ﬂ + Coebt [ﬂ

L Another solution on the second eigenspace
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Example 2 (c) Phase portrait of — =

General solutions:  %(t) = C1e!®t [ﬂ + Coebt [1}

Direction field

61x

dt 2 5
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Solutions on eigenspaces

AX=6x
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dx 16 =5

Example 2 (c) Phase portrait of — =

dt 2 5

General solutions:  X(t) = C1el®t [ﬂ + Coebt [ﬂ

When C; and Cy are both # 0,
= 15¢ |9
X(t) = Cre [1} as t & oo;

Direction field
6 Ix /4

X(t) & Coel B] as t &~ —oo.

Solutions on eigenspaces

AX=6x

123456

X
1




dx 16 =5

Example 2 (c) Phase portrait of — =

dt 2 5

General solutions:  X(t) = C1el®t [ﬂ + Coebt [ﬂ

When C; and Cy are both # 0,
= 15¢ |9
X(t) = Cre [1} as t & oo;

Direction field
6 Ix /4

X(t) & Coel B] as t &~ —oo.

A solution off the eigenspaces
AX=6x

123456

X
1




dx 16 =5

Example 2 (c) Phase portrait of — = X

dt 2 5

General solutions:  X(t) = C1el®t [ﬂ + Coebt [ﬂ

When C; and Cy are both # 0,

X(t) ~ Cpetst [ﬂ as t & 00;

Direction field
61x

R(t) ~ Chedt B

Another solution off the eigenspaces
61 AX=6x

]ast%—oo.

123456

X
1
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dx 16 =5

Example 2 (c) Phase portrait of — =

dt 2 5

General solutions:  X(t) = C1el®t [ﬂ + Coebt [ﬂ

When C; and Cy are both # 0,

X(t) ~ Cpetst [ﬂ as t & 00;

Direction field
61x

R(t) ~ Chedt B

Third solution off the eigenspaces
AX=6x

]ast%—oo.

123456

X
1




dx 16 =5

Example 2 (c) Phase portrait of — =

dt 2 5

General solutions:  X(t) = C1el®t [ﬂ + Coebt [ﬂ

When C; and Cy are both # 0,
= 15¢ |9
X(t) = Cre [1} as t & oo;

Direction field
6 Ix /4

X(t) & Coel B] as t &~ —oo.

Fourth solution off the eigenspaces
AX=6x

]
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dx 16 =5

Example 2 (c) Phase portrait of — =19 5 %
General solutions:  X(t) = C1e!®t [ﬂ + Cyeft [ﬂ

When C; and C5 are both # 0,

X(t) ~ Cpeld [ﬂ as t & 00; R(t) = Cyebt B] as t &~ —o0.

Direction field Phase Portrait (nodal source)

G’X /
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Example 2 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

General solutions: ~ X(t) = Ce!?! [ﬂ + Coebt [ﬂ

Phase Portrait (nodal source)
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Example 2 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

General solutions:  %(t) = C1e!®t [ﬂ + Coebt [ﬂ

Phase Portrait (nodal source)

The equilibrium (0, 0) is unstable.
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X
1




Example 2 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

General solutions:  %(t) = C1e!®t [ﬂ + Coebt [ﬂ

Phase Portrait (nodal source)

The equilibrium (0, 0) is unstable.

We have a nodal source,

123456
X when >\1>0,)\2>0,)\17é>\2.




Example 3.

Consider ¥ = AR, where A — [_2 _3] .

[=p}
—_

(a) Find general solutions of X' = {_2 _3] X.

(b) Solve the initial value problem X' = [_(23 _3} X, %(0) = B]

(c) Sketch the phase portrait.

(d) Is the equilibrium (0,0) stable, asymptotically stable, or unstable?
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Example 3 (a) d_)tc = [_2 13] X

» Eigenvalues of A, by solving det(A — AI) = 0:
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» Eigenvalues of A, by solving det(A — AI) = 0:
2—-1 -3 }

det{ _6 -
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Example 3 (a) d_)tc = [_2 13] X

» Eigenvalues of A, by solving det(A — AI) = 0:
2—-x =3

- VO
det[ - 1_/\}—)\ +A-20=0



Az [—92 _
Example 3 (a) d_)tc = [_2 13] X

» Eigenvalues of A, by solving det(A — AI) = 0:
2—-x =3

—6 1—A
=\ = —5, Ay =4

det{_ }:A2+)\—20:0
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Example 3 (a) d_)tc = [_2 13] X

» Eigenvalues of A, by solving det(A — AI) = 0:
det{ 6 1_/\}—>\ +A—-20=0
=M =-5X=14

» Eigenvectors of A for \y = —5, by solving (A — \;1)X = 0:
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Example 3 (a) d_)tc = [_2 13] X

» Eigenvalues of A, by solving det(A — AI) = 0:
det{ 6 1_/\}—)\ +A—-20=0
=M =-5X=14

» Eigenvectors of A for \y = —5, by solving (A — \;1)X = 0:

(A+50X =0« [36 _63} [zj - [8}
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Example 3 (a) d_)tc = [_2 13] X

» Eigenvalues of A, by solving det(A — AI) = 0:
det{ 6 1_/\}—)\ +A—-20=0
=M =-5X=14

» Eigenvectors of A for \y = —5, by solving (A — \;1)X = 0:
> 3 -3 1| 0
(A+5I)X—O<:>[6 6} [@}_[0}

< 31 — 319 =0
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Example 3 (a) d_)tc = [_2 13] X

» Eigenvalues of A, by solving det(A — AI) = 0:
det{ 6 1_/\}—)\ +A—-20=0
=M =-5X=14

» Eigenvectors of A for \y = —5, by solving (A — \;1)X = 0:

(A+50X =0« [36 _63} [zj - [8}

1
& 31 — 3z =0 Bj . H
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Example 3 (a) d_)tc = [_2 13] X

» Eigenvalues of A, by solving det(A — AI) = 0:
det{ 6 1_/\}—)\ +A—-20=0
=M =-5X=14

» Eigenvectors of A for \y = —5, by solving (A — \;1)X = 0:

(A+50X =0« [36 _63} [zj - [8}

1
& 31 — 3z =0 Bj . H

. - 1
= An eigenvector u; = [1]
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Example 3 (a) d_)tc = [ : 13]

—6
> FKigenvalues of A: A\ = =5,y =4

» An eigenvector for \y = —5: Uy = [

1
1

|
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Example 3 (a) d_)tc = [_2 13]

> FKigenvalues of A: A\ = =5,y =4
» An eigenvector for \y = —5: Uy = [ﬂ
» An eigenvector for Ay = 4, by solving (4 — A21)X = 0:

(A— 4% =0 & [‘2 _g} Bj B [8}

~1/2
@—63;1—33;2:0@[2] :g;g[ 1/]

. - -1
= An eigenvector ty = [ 9 }
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Example 3 (a) d_)tc = [_2 13]

> FKigenvalues of A: A\ = =5,y =4

» An eigenvector for \y = —5: Uy = [ﬂ

» An eigenvector for Ay = 4, by solving (4 — A21)X = 0:

(A— 4% =0 & [‘2 _g} Bj B [8}

—1/2
<:>—6$1—3$2=O<:>|:i;:| =$2|: 1/:|

. - -1
= An eigenvector ty = [ 9 }

» General solutions are
R(t) = Cpe~dt H  Coet [‘ﬂ ,

where C1, Cy are free parameters.
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Example 3 (b) Solve d—j = [
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Example 3 (b) Solve d_>t< = [

» General solutions:

(1) = Cre— H + Coett [ﬂ

—2
—6

-3
1



dx —
Example 3 (b) Solve g [_

» General solutions
i(t) = C’le

» Use the initial ¢

-l

|

1
1

dt

Jeels]

ondition:

o] el

-
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dx —
Example 3 (b) Solve g [_

dt

» General solutions:

» Use

» The solution to the initial value problem:

(1) = Cre— H + Coett [ﬂ

the initial condition:

- -] -

=b =lal =)=

. 1
X(t) = ge° [1} + zet



ax [-2 =3].
& 2

dt —6 1
General solutions:  X(t) = Cye 5t B] 1 Chett [_21}

Example 3 (c) Phase portrait of
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Example 3 (c) Phase portrait of d_)t( = _(23 13 X

General solutions:  %(t) = Cye 5t B] + Coett [_21}

Direction field




X [-2 3],
i |l-6 1%
—1
2

Example 3 (c) Phase portrait of

General solutions:  %(t) = Cye 5t + Che*t

1
1

Direction field
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Example 3 (c) Phase portrait of d_)t(

General solutions:  X(t) = Cre~5t B] 1 Chett [_21}

o Cie ot B] — {8], along the eigenspace of A\ = —5.

-1 .
o Cyhett 9 leaves away, along the eigenspace of A\g = 4.

Direction field
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Example 3 (c) Phase portrait of d_)t( =
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General solutions:  X(t) = Cre~5t B] 1 Chett [_21}

Direction field

X
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Example 3 (c) Phase portrait of d_)t( = X

General solutions:  X(t) = Cre~5t B] 1 Chett [_21}

A solution on the first eigenspace

Direction field 5
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Example 3 (c) Phase portrait of d_)t( =
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General solutions:  X(t) = Cre~5t B] 1 Chett [_21}

Direction field

Another solution on the first eigenspace
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Example 3 (c) Phase portrait of d_)t( =

—

-2 =3
—6 1

General solutions:  X(t) = Cre~5t B] 1 Chett [_21}

Direction field

X
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A solution on the second eigenspace
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Example 3 (c) Phase portrait of d_)t( =
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General solutions:  X(t) = Cre~5t B] 1 Chett [_21}

Direction field
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Another solution on the second eigenspace
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Example 3 (c) Phase portrait of — =

% [-2 -3
i [-6 1

General solutions:  %(t) = Cye 5t B] + Coett [_21}

Direction field
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Solutions on eigenspaces
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Example 3 (c) Phase portrait of d_)t(

—

General solutions:  %(t) = Cre 5t B] 1 Chett [_21}

When C; and Cy are both # 0,

i(t) ~ 0264t |:_

Direction field
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Example 3 (c) Phase portrait of d_)t(

—

General solutions:  %(t) = Cre 5t B] 1 Chett [_21}

When C; and Cy are both # 0,

X(t) =~ Cyett {_2

Direction field
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Example 3 (c) Phase portrait of d_)t(

—

General solutions:  %(t) = Cre 5t B] 1 Chett [_21}

When C; and Cy are both # 0,

X(t) =~ Cyett {_2

Direction field

1
}ast?:ﬁoo;

i’(t) ~ 016_5t

1
[1] as t = —oo.

Another solution off the eigenspaces
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Example 3 (c) Phase portrait of d_)t( =

—

General solutions:  %(t) = Cre 5t B] 1 Chett [_21}

When C; and Cy are both # 0,

X(t) =~ Cyett {_2

Direction field

1
}ast;:ﬁoo;

() ~ Cre—5t E

Third solution off the eigenspaces

Ax=4x 1% Ax=-5x
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Example 3 (c) Phase portrait of d_)t(

General solutions:  %(t) = Cre 5t B] 1 Chett [_21}

When C; and Cy are both # 0,

i(t) ~ 0264t |:_

Direction field

2

1
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%
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\
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A g
N
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() ~ Cre F

1] as t = —oo.

Fourth solution off the eigenspaces
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Example 3 (c) Phase portrait of d_)t( = _(23 13

General solutions:  %(t) = Cye™5t B] + Coett [_21}

When C; and C5 are both # 0,

X(t) ~ Coett {21} as t & 00; X(t) ~ Cre5t E] as t ~ —o0.

Direction field Phase Portrait (saddle)
X 5




Example 3 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

General solutions:  %(t) = Cre~?* {_12} + Cyel B]

Phase Portrait (saddle)




Example 3 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

General solutions:  %(t) = Cre~?* {_12} + Cyel B]

Phase Portrait (saddle)

Most solutions go to space infinity.

The equilibrium (0, 0) is unstable.




Example 3 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

General solutions:  %(t) = Cre~?* {_12} + Cyel B]

Phase Portrait (saddle)

Most solutions go to space infinity.
The equilibrium (0, 0) is unstable.
We have a saddle,

when positive & negative
eigenvalues co-exist.




Example 3. Why is it called a saddle?




Example 3. Why is it called a saddle?

Phase Portrait (saddle)




