2D Homogeneous Linear Systems with
Constant Coefficients
— complex eigenvalues

Xu-Yan Chen



Systems of Diff Eqgs: CCZZ_); = AX

$1(t)

where %(t) = [m o

} , Ais a 2 x 2 real constant matrix

Things to explore:
» General solutions
» Initial value problems
» Geometric figures

» Solutions graphs x; vs t & xg vs't
» Direction fields in the (x1,x2) plane
» Phase portraits in the (z1,x3) plane

> Stability /instability of equilibrium (z1, 22) = (0,0)
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What if we have complex eigenvalues?
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» Assume that the eigenvalues of A are complex:
)\1:a+ﬂi,)\2:a—ﬁi (Wlthﬁ#())
How do we find solutions?
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» Assume that the eigenvalues of A are complex:
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How do we find solutions?
» Find an eigenvector u; for Ay = a + B4, by solving
(A= XMDX=0.
The eigenvectors will also be complex vectors.
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» Assume that the eigenvalues of A are complex:
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» Ml is a complex solution of the system.
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» Assume that the eigenvalues of A are complex:
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» Find an eigenvector u; for Ay = a + B4, by solving
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> Mt = Re (eAltﬁl) +4¢Im (e)‘ltfil).
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What if we have complex eigenvalues?

» Assume that the eigenvalues of A are complex:
)\1:a+ﬂi,)\2:a—ﬁi (Wlthﬁ#())
How do we find solutions?
» Find an eigenvector u; for Ay = a + B4, by solving
(A= XMDX=0.
The eigenvectors will also be complex vectors.
» Ml is a complex solution of the system.
> Mt = Re (eAltﬁl) +4¢Im (e)‘ltfil).

> Re (e>‘1tﬁ'1) is a real solution.
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What if we have complex eigenvalues?
» Assume that the eigenvalues of A are complex:
)\1:a+ﬂi,)\2:a—ﬂi (Wlthﬁ#())
How do we find solutions?
» Find an eigenvector u; for Ay = a + B4, by solving
(A= XMDX=0.
The eigenvectors will also be complex vectors.
» Ml is a complex solution of the system.
> Mty Re( Mty ) +zIm( Altul)
> Re( Altul) is a real solution.

> Im ( ’\1tu1) is another real solution.
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What if we have complex eigenvalues?
» Assume that the eigenvalues of A are complex:
)\1:a+ﬂi,)\2:a—ﬂi (Wlthﬁ#())
How do we find solutions?
» Find an eigenvector u; for Ay = a + B4, by solving
(A= XMDX=0.
The eigenvectors will also be complex vectors.
» Ml is a complex solution of the system.
> Mt = Re (eAltﬁl) +4¢Im (e)‘ltfil).
> Re (e>‘1tﬁ'1) is a real solution.

> Im (e/\ltﬁl) is another real solution.

» Recall Euler’s formula:
etit = elatBit — gatefit — eatlcos(Bt) + isin(ft)].
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What if we have complex eigenvalues?

» Assume that the eigenvalues of A are complex:
M =a+Bi,a=a—pFi (with §#0).
How do we find solutions?
» Find an eigenvector iy for Ay = a + 1, by solving
(A= XMDX=0.
The eigenvectors will also be complex vectors.
» Ml is a complex solution of the system.
> Mitg Re( Mty ) +zIm( Altul)
> Re( Altul) is a real solution.
> Im (e tul) is another real solution.
» Recall Euler’s formula:
etit = elatBit — gatefit — eatlcos(Bt) + isin(ft)].
» General solutions are
i(t) = Cl Re (e)‘lf’ﬁl) + CQ Im ( At 1)



2D Syst . —=A
ystems o X

General Solution Formula:
Assume that A has a complex eigenvalue A\; = o+ i and a
corresponding eigenvector u; = a + i b. .
(It follows that Ay = a — Bi is the other eigenvalue and iy =a—ib is
its eigenvector.)
» Complex-valued formula:
i(t) = Cle’\ltﬁl + 026/\2tﬁ2_
» Real-valued formula:
i(t) = Cl Re (6>‘1tl—l’1) + CQ Im (e)‘ltﬁl) .
» Real-valued formula (expanded):

X(t) = Cre*t ( cos(ft)a— sin(b’t)t_;> + Coe®t (sin(ﬂt)é’—i— cos(ﬁt)g) .

Note: o = Re\; gives the growth/decay rate,
B =Im A\; is the frequency of the oscillation.
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Phase portraits & stability of the equilibrium (0, 0):

Assume that A has complex eigenvalues \; = o + (i and
)\2 = o — BZ

» a=Re)l <0

= Attractive focus, %%

asymtotically stable T

» a=ReA; >0 .
= Repulsive focus, D s it
unstable —

> a:Re)\1:0

= Center, E ; \

stable,
but not asymptotically stable




Example 4. (Complex eigenvalues)

5
Consider X' = AX, where A = [ 1 _21]

5
(a) Find general solutions of X' = [ 1 _21] X.

5
(b) Solve the initial value problem X’ = [ ! _21} X, X(0) = B]

(c) Sketch the phase portrait.
(d) Is the equilibrium (0,0) stable, asymptotically stable, or unstable?



dx i}
Example 4 (a) d_)tc = [_12 _21]

%l



dx i}
Example 4 (a) d_)tc = [_12 _21] X

> Eigenvalues of A, by solving det(4 — AI) = 0:
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Example 4 (a) i [_2 _21] X
> Eigenvalues of A, by solving det(4 — AI) = 0:

1-x 2
det{2 1/\}
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dx 1 2
Example 4 (a) i [_2 _21]
> Eigenvalues of A, by solving det(4 — AI) = 0:

11—\ 5 o B
det{2 1/\}—)\ +4=0



%l

dx i}
Example 4 (a) d_)tc = [_12 _21]

> Eigenvalues of A, by solving det(4 — AI) = 0:

_ 5
det [1 A

2 — )2 —
:>)\1:2Z,)\2:—2Z



< [1 37,
Example 4 (a) i [_2 _21] X
> Eigenvalues of A, by solving det(4 — AI) = 0:
det[l_A : }z/\2+4:0
=\ =20, My = —2i

-2 —1-2A
» Eigenvectors of A for \; = 2i, by solving (4 — A\ 1)X = 0:
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Example 4 (a) i [_2 _21] X
> Eigenvalues of A, by solving det(4 — AI) = 0:
det[l_A : }z/\2+4:0
=\ =20, My = —2i

-2 —1-2A
» Eigenvectors of A for \; = 2i, by solving (4 — A\ 1)X = 0:

(A-2iN%=0s F :2% _12_22'] [i;] - {8]



dx 1 2
Example 4 (a) — = 2 | X
pled (a) 7= 5 7
> Eigenvalues of A, by solving det(4 — AI) = 0:
11— 5 2
det{2 1/\}—)\ +4=0
=\ = 2i,)\2 =—-x
» Eigenvectors of A for \; = 2i, by solving (4 — A\ 1)X = 0:

(A-2iN%=0s F :2% _12_22'] [i;] - {8]

& =221+ (-1 —2i)z2 =0



dx i}
Example 4 (a) d_)tc = [_12 _21] X

> Eigenvalues of A, by solving det(4 — AI) = 0:

_ 5
det[l A 2 }z/\2+4:0
=\ :27,,)\2:—27,

-2 —1-2A
» Eigenvectors of A for \; = 2i, by solving (4 — A\ 1)X = 0:
: 1—2i 5 T 0
_ X = 2 =
PRSI R

& =2 + (—1— 202y =0 & [xl] =y [_1/2 - ’]
X9 1



dx i}
Example 4 (a) d_)tc = [_12 _21] X

> Eigenvalues of A, by solving det(4 — AI) = 0:

det[l_A 2 }z/\2+4:0
:>)\1:2Z,)\2:—2Z

-2 —1-2A
» Eigenvectors of A for \; = 2i, by solving (4 — A\ 1)X = 0:
: 1—2i 5 T 0
_ X = 2 =
PRSI R

& =2 + (—1— 202y =0 & [xl] =y [_1/2 - ’]
X9 1

= An eigenvector u; = {1/12 B Z] = {11/2} +1 [01}



%l

dx 2
Example 4 (a) d_)tc = [_12 _21]

> Eigenvalues of A, by solving det(4 — AI) = 0:

det[l_A 2 }z/\2+4:0
:>)\1:2Z,)\2:—2Z

-2 —1-2A
» Eigenvectors of A for \; = 2i, by solving (4 — A\ 1)X = 0:
: 1—2i 5 T 0
_ X = 2 =
PRSI R

& 2+ (-1-2)e =0 & [xl] = 23 [_1/2 - ’]
X9 1

= An eigenvector u; = {1/12 B Z] = {11/2} +1 [01}

» General solutions:

0= (o [} smizn [])
+Cs (Sin(%) {11/ 2] + cos(2t) [OID



Example 4 (b) Solve

dx

dt



dx 5
_— = 2 Z Z —
Example 4 (b) Solve o [_2 _1] X, X(0) [

» General solutions:

X(t)= O (cos(2t) [_11/2] ~ sin(2t) [—01D
+Ch (Sin(2t) [_11/ 2] + cos(2t) [_Olb



Example 4 (b) Solve X = [ 1 2 |5 %(0) =
xample olve — =1, *|% x(0) =

» General solutions:

X(t) =

Cy (cos(2t) [

» Use the initial condition:

2(0) = [

e[V rel]=l)- e

_11/ 2] — sin(2t) [_0



dx 1 2 1
_— = 2 % % —
Example 4 (b) Solve o [ 9 _1] X, x(0) [ ]

» General solutions:

) = O (cos(2t) [—11/ 2] — sin(2¢) [—01}

» Use the initial condition:

-] -a[V)e]-[]- 8][4

» The solution to the initial value problem:

() = 2 (costzn) | 7Y/%) =m0 | ]
=2 (smizn |7 remian [3])
0 = | sonoty 5einiah)
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Example 4 (c) Phase portrait of &

General solutions;

%)= C (cos(2t) [11/ 2} ~ sin(2t) [ 1D

—

dt
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Example 4 (c) Phase portrait of &

General solutions;

%)= C (cos(2t) [11/ 2} ~ sin(2t) [ 1D

—

dt
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Example 4 (c) Phase portrait of d_)t( = [ L

General solutions;

o - )

4y <sin(2t) {_11/ 2] + cos(2t) {‘ﬂ)

Periodic oscillations: frequency = 2, period = 27/2 = 7.

Direction field Phase Portrait (center)
2 217

%




Example 4 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

General solutions:  %(t) = Cy (cos(2t) | /| ~sin(2) {OID +
Cs <sin(2t) [_11/ 2] + cos(2t) {‘ﬂ)

Phase Portrait (center)
29 %,




Example 4 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

General solutions:  %(t) = Cy (cos(2t) | /| ~sin(2) {OID +
Cs <sin(2t) [_11/ 2] + cos(2t) {‘ﬂ)

Phase Portrait (center)
29 %,

Solutions starting near (0,0)
stay close to (0,0),
but tlim X(t) # (0,0).
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stay close to (0,0),
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The equilibrium (0, 0) is stable, but
not asymptotically stable.




Example 4 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

General solutions:  %(t) = Cy (cos(2t) | /| ~sin(2) {OID +
Cs <sin(2t) [_11/ 2] + cos(2t) {‘ﬂ)

Phase Portrait (center)
29 %,

Solutions starting near (0,0)
stay close to (0,0),
but tlim X(t) # (0,0).

The equilibrium (0, 0) is stable, but
not asymptotically stable.

We have a center,
when eigenvalues A = +0i.




Example 5. (Complex eigenvalues)

Consider ¥ = AR, where A — [_5 _39] .

6 1

(a) Find general solutions of X' = {_5 _39} 2.

6 1

(b) Solve the initial value problem X’ = [_65 _139]

(c) Sketch the phase portrait.

(d) Is the equilibrium (0,0) stable, asymptotically stable, or unstable?



Az [—5 —
Example 5 (a) d_)tc = [ 65 39] X
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Example 5 (a) d_)tc = [ : 39] X

6 1
» Eigenvalues of A, by solving det(A — AI) = 0:

~5-X =391 _ B
det[ 6 1_/\}—)\+4>\+229—0
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Example 5 (a) d_)tc = [ : 39] X

6 1
» Eigenvalues of A, by solving det(A — AI) = 0:
—5—X —-39] ., B
det{ 6 1_/\}—)\ +4X+229=0
= A\ =24+ 156, = =2 — 157
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Example 5 (a) d_)tc = [ : 39] X

6 1
» Eigenvalues of A, by solving det(A — AI) = 0:
—5—X —-39] ., B
det{ 6 1_/\}—)\ +4X+229=0
= A\ =24+ 156, = =2 — 157
» Eigenvectors of A for \y = —2 + 15¢, by solving (A — A\ )X = 0:
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Example 5 (a) d_)tc = [ : 39] X

6 1
» Eigenvalues of A, by solving det(A — AI) = 0:
—5—X —-39] ., B
det{ 6 1_/\}—)\ +4X+229=0
= A\ =24+ 156, = =2 — 157
» Eigenvectors of A for \y = —2 + 15¢, by solving (A — A\ )X = 0:

(4-(-2+150)1)% =0 {36 151 3_31954 Ej = [8}
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Example 5 (a) d_)tc = [ : 39] X

6 1
» Eigenvalues of A, by solving det(A — AI) = 0:
—5—X —-39] ., B
det{ 6 1_/\}—)\ +4X+229=0
= A\ =24+ 156, = =2 — 157
» Eigenvectors of A for \y = —2 + 15¢, by solving (A — A\ )X = 0:

(4-(-2+150)1)% =0 {36 151 3_31954 Ej = [8}

< 611 + (3 — 152)$2 =0



Az [—5 —
Example 5 (a) d_)tc = [ : 39] X

6 1
» Eigenvalues of A, by solving det(A — AI) = 0:
—5—X —-39] ., B
det{ 6 1_/\}—)\ +4X+229=0
= A\ =24+ 156, = =2 — 157
» Eigenvectors of A for \y = —2 + 15¢, by solving (A — A\ )X = 0:

(4-(-2+150)1)% =0 {36 151 3_31954 Ej = [8}

1. 5;
< 621+ (3— 1502 =0 < [xl] —Iz[ 2+21]



Az [—5 —
Example 5 (a) d_)tc = [ 65 139] X

» Eigenvalues of A, by solving det(A — AI) = 0:
—5—X —-39] ., B
det{ 6 1_/\}—)\ +4X+229=0
= A\ =24+ 156, = =2 — 157
» Eigenvectors of A for \y = —2 4 154, by solvmg (A=MDX=0:

(e [ 2 ][
<:>61:1+(3—15zx2_0¢>[ ] [+z]
5,

1 1 5
= An eigenvector t; = { 2 1 } = [ 12} +1 {8]
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Example 5 (a) d_)tc = [ 65 139] X

» Eigenvalues of A, by solving det(A — AI) = 0:

~5-X =391 _ B
det[ 6 1_/\}—)\ + 4N +229 =0

= A\ =24+ 156, = =2 — 157
» Eigenvectors of A for \; = —2 + 154, by solvmg (A=MDX=0:

(e [ 2 ][
<:>61:1+(3—15zx2_0¢>[ ] [+z]
5,

1 _1 5
= An eigenvector t; = { 2 1 } = [ 2} +1 {8]

2} — sin(15¢)

» General solutions:
)_('(t) = Cleizt (

cos(15t) [_1

-
—
Ol O ot
—

S~—

N———

_1
+Coe™ 2 (sin(lSt) [ 12} + cos(15t)



Example 5 (b) Solve

dx

dt



g [-5 -39]. ... [
Example 5 (b) Solve i [ 6 1 ] X, X(0) = [2]

» General solutions:

2O - Cre <cos(15t) [—H — sin(15t) [%D

e (o ] ]



dx |- Lo |1
Example 5 (b) Solve i [ 6 1 ] X, X(0) = [2]

» General solutions:



Example 5 (b) Solve dx [_65 _139] X, X(0) = [;]

]}
s ] o]

» Use the initial condition:

f(O)‘{l]:‘C[ }w H H:‘m H

» The solution to the initial value problem:

R(t) = 2e7 (005(15t) {_1%]  sin(15) {%D
st (o] o).

PN 0s(15t) — Z sin(15¢)
x(t) =™ [ os(15¢) +5 n(15t)]

» General solutions
X(t) = Cle_2< (15¢)



-5 —39] .
X

Example 5 (c) Phase portrait of X' = [ 6 1

General solutions:

) = Cre-? (cos(15t) [—2} — sin(15¢) [%D

e (o ]

—_
= —



Example 5 (c) Phase portrait of X' = [_65 _139] X

General solutions:

X(t) = Cre2 (cos(lSt) [_ﬂ — sin(15¢) [

+Che2t (sin(15t) [ H + cos(15t) {

Onjor ONjot
| I I S—
N~ —

Direction field




-5 —39

Example 5 (c) Phase portrait of X' = [ 6 1

General solutions: .
-2

s ot [ ] s

+Ce2t <sin(15t) [H + cos(15t) M)

decay rate = —2 = Re A,

Decaying oscillations: { frequency — 15 — Tm A

Direction field Phase Portrait (attractive focus)
X,
x; 2
4+ 4
21 2—\
X X
-4 A 0 2 4 4
=2 N
=4 4]

|

%l



Example 5 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

_1 5
General solutions: X(t)= Cre % (cos(15t) [ 2} — sin(15¢) [8])

+Che 2t <Sin(15t) { ) ] + cos(15¢) [%D

Phase Portrait (attractive focus)

)

44
The equilibrium (0, 0) is

2] ————__ asymptotically stable.

We have an attractive focus,
when complex eigenvalues A = a=£51

w have ReA = a < 0.




Example 6. (Complex eigenvalues)

Consider X' = AX, where A = [:; 130} .
(a) Find general solutions of X' = {:; 130} X.

(b) Solve the initial value problem X' = [_; 130] X, X(0) = [ﬂ

(c) Sketch the phase portrait.

(d) Is the equilibrium (0,0) stable, asymptotically stable, or unstable?
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Example 6 (a) Ccll_)t( =



-2 3

» Eigenvalues of A, by solving det(A — AI) = 0:
—-1-Xx 10
-2 3—A

dx —
Example 6 (a) d_)tc = [ L 10] X

det{ }=A2—2)\+17=0



dx —1 10
E le 6 — = X
xample 6 (a) o [_2 3] X
» Eigenvalues of A, by solving det(A — AI) = 0:
det{_l_)\ 10}:A2—2A+17=o
-2 3—A

=M =1+4i)=1—4i



dx —1 10
E le 6 — = X
xample 6 (a) o [_2 3] X
» Eigenvalues of A, by solving det(A — AI) = 0:
det{_l_)\ 10}:A2—2A+17=o
-2 3—A

=\ = 1+4Z,)\2 =1—-4
» Eigenvectors of A for \y = 1 + 4i, by solving (A — A\ )X = 0:



dx —1 10
E le 6 — = X
xample 6 (a) o [_2 3] X
» Eigenvalues of A, by solving det(A — AI) = 0:
det{_l_)\ 10}:A2—2A+17=o
-2 3—A

=\ = 1+4Z,)\2 =1—-4
» Eigenvectors of A for \y = 1 + 4i, by solving (A — A\ )X = 0:

(A 1 +4¢)1)>z —0e {2_2 4 ) i042.] [ﬁj - {8]



dx —1 10
E le 6 — = X
xample 6 (a) o [_2 3] X
» Eigenvalues of A, by solving det(A — AI) = 0:
det{_l_)\ 10}:A2—2A+17=o
-2 3—A

=\ = 1+4Z,)\2 =1—-4
» Eigenvectors of A for \y = 1 + 4i, by solving (A — A\ )X = 0:

(A 1 +4¢)1)>z —0e {2_2 4 ) i042.] [ﬁj - {8]

& —2x1 + (2 — 42)1’2 =0



dx —1 10
E le 6 — = X
xample 6 (a) o [_2 3] X
» Eigenvalues of A, by solving det(A — AI) = 0:
det[_l_)\ 10}:)\2—2)\—#17:0
-2 3—A

=\ = 1+4Z,)\2 =1—-4
» Eigenvectors of A for \y = 1 + 4i, by solving (A — A\ )X = 0:

(A (14 4i)I)>‘c’ —0e {2_2 4 ) i042.] [ij - {8]

& —2m + (2— 4z, =0 & {xl} =y F B 21
T9 1



dx —1 10
E le 6 — = X
xample 6 (a) o [_2 3] X
» Eigenvalues of A, by solving det(A — AI) = 0:
det[_l_)\ 10}:)\2—2)\—#17:0
-2 3—A

=\ = 1+4Z,)\2 =1—-4
» Eigenvectors of A for \y = 1 + 4i, by solving (A — A\ )X = 0:

(A (14 4i)I)>‘c’ —0e {2_2 4 ) i042.] [ij - {8]

& —2m + (2— 4z, =0 & {xl} =y F B 21
To 1

= An eigenvector u; = [1 _121] = {1} +1 [_2}



dx —1 10
E le 6 — = X
xample 6 (a) o [_2 3] X
» Eigenvalues of A, by solving det(A — AI) = 0:
det[_l_)\ 10}:)\2—2)\—#17:0
-2 3—A

=\ = 1+4Z,)\2 =1—-4
» Eigenvectors of A for \y = 1 + 4i, by solving (A — A\ )X = 0:

(A (14 4i)I)>‘c’ —0e {2_2 4 ) i042.] [ij - {8]

& —2m + (2— 4z, =0 & {xl} =y F B 21
To 1

= An eigenvector u; = [1 _121] = {ﬂ +1 [_02}

» General solutions: X(t) = Ciet (cos(4t) [ﬂ — sin(4t) {5])

+Cyet (Sin(4t) m + cos(4t) {‘ﬂ)



dx —
Example 6 (b) Solve d_>t< = [_

1



—

dx

Example 6 (b) Solve — = [:1

dt

» General solutions:

X(t)= Cie (cos(4t) [
+Coet (sin(4t) [

1

2
- ut |
| et



Az [—
Example 6 (b) Solve d_>t< = [_1

» General solutions:

R(t) = Cyet (cos(4t) m ~ sin(41) [
+Cyet (sin(4t) m + cos(4t) {

» Use the initial condition:

0[] ~al]+a 7] -[]- [



Example 6 (b) Solve Cfl—j = [:1 10] X, X(0) = [1]

» General solutions:

()= O (cos(4t) m — sin(4t) [‘()2])
st o] )

» Use the initial condition:

-]~ - [~ - - [

» The solution to the initial value problem:

2(t) = 2 <cos(4t) m — sin(4t) {_ﬂ)
+iet ( in(4t) H + cos(4t) {_OQD ,

n(
o os(4t) + § sin(4t)
X(t) = ¢f [ os(4t) + % sin(4t)]



Example 6 (c) Phase portrait of X' = [:; 13()] X

General solutions:

)= et (cos(4t) m — sin(4t) [02]>

+Cyet (sin(4t) H + cos(4t) { ﬂ)



Example 6 (c) Phase portrait of X' = [:; 13()] X

General solutions:

)= et (cos(4t) m — sin(4t) [02]>
1 _

+Cyet (sin(4t) H + cos(4t) { ﬂ)




. S —1 10
Example 6 (c) Phase portrait of X' = [ 5 3
General solutions:
X(t)= Cyet (cos(4t) [ﬂ — sin(4t) [02]>
o 1 -2
+Cse® | sin(4t) ks cos(4t) 0
. .. | growth rate =1 = Re A,
Growing oscillations: { frequency — 4 — Tm A
Direction field Phase Portrait (repulsive focus)
X *
47 : 44
24 20—
-4 2.0 2 4 a4 (2% 2 4
2 o
,47 _4




Example 6 (d) Is the equilibrium (0,0) stable,
asymptotically stable, or unstable?

General solutions:  X(t) = Cie! (cos(4t) [ﬂ — sin(4¢) [_02]>

+Cyet <sin(4t) m + cos(4t) {‘OQD

Phase Portrait (repulsive focus)

*

The equilibrium (0, 0) is
" unstable.

= * .
2 (2SS T We have a repulsive focus,

when complex eigenvalues A = a+0i
- 7 have Re A = a > 0.

)




